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(b) Allsolutions seem to approach a line in the region where the negative and positive slopes
meet each other.

(c) u(t) =e/34 =3, Thus e¥(y' +3y) = e (t + e %) or (ye*) = te® + e'. Integration of
both sides yields ye® = te /3 — 3 /9 + ¢! + ¢, where integration by parts is used on the right
side, with u = t and dv = e3dt. Division by e* gives y(t) = ce™3 + /3 —1/9, so y approaches
t/3 —1/9 ast— oo. This is the line identified in part (b).
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(b) All solutions eventually have positive slopes, and hence increase without bound.

(c) The integrating factor is u(t) = e, and hence y(t) = t3¢* /3 + ce*. It is evident that all
solutions increase at an exponential rate.
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16 CHAPTER 2 First-Order Differential Equations

B3 3. (a) 3
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(b) All solutions seem to converge to the function y,(t) = 1.

(c) The integrating factor is u(t) = e, and hence y(t) = t?¢7'/2 + 1 + ce~'. It is clear that all
solutions converge to the specific solution y,(t) = 1.
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(b) Based on the direction field, the solutions eventually become oscillatory.

(c) The integrating factor is u(t) = e/(/Dd = eInt — ¢ 50 (ty)' = 3t cos2t, and integration
by parts yields the general solution y(t) = (3/4t)cos2t + (3/2)sin 2t + ¢/t, in which c is
an arbitrary constant. As ¢t becomes large, all solutions converge to the function y,(t) =

3(sin 2t)/2.
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(b) Ify(0) > —3, solutions eventually have positive slopes, and hence increase without bound.
If y(0) < —3, solutions have negative slopes and decrease without bound.

(c) The integrating factor is u(t) = e~ /24" = ¢=?. The differential equation can be written as
e72y! —2e72y = 3¢7! thatis, (e7*'y)’ = 3e™'. Integration of both sides of the equation results
in the general solution y(t) = —3e’ + ce*. It follows that all solutions will increase exponen-
tially if ¢ > 0 and will decrease exponentially if ¢ < 0. Letting ¢ = 0 and then ¢ = 0, we see that

the boundary of these behaviors is at y(0) = —3.
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(b) Fory > 0, the slopes are all positive, and hence the corresponding solutions increase with-
out bound. For y < 0, almost all solutions have negative slopes, and hence solutions tend to
decrease without bound.

(c) First divide both sides of the equation by ¢ (¢ > 0). From the resulting standard form, the
integrating factor is u(t) = e~/(/Ddt = 1/¢. The differential equation can be written as y’/t —
y/t? =te™!, thatis, (y/t) = te~". Integration leads to the general solution y(t) = —te™ + ct.
For c # 0, solutions diverge, as implied by the direction field. For the case ¢ = 0, the specific
solution is y(t) = —te™!, which evidently approaches zero as t — co.
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(b) The solutions appear to be oscillatory.

(c) The integrating factor is u(t) = €', so (e'y)’ = 5e’ sin 2t. To integrate the right side we can
integrate by parts (twice), use an integral table or use a symbolic computational software to find
y(t) = sin 2t — 2 cos 2t + ce~". It is evident that all solutions converge to the specific solution
Yo(t) = sin 2t — 2 cos 2t.
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(b) All solutions eventually have positive slopes, and hence increase without bound.

(c) The integrating factor is u(t) = e'/2. The differential equation can be written as e'/?y’ +
e'/?y/2 = 3t2/2, that is, (e'/? y/2) = 3t>/2. Integration of both sides of the equation results
in the general solution y(t) = 3t> — 12t + 24 + ce~"/2. It follows that all solutions converge to
the specific solution 3t? — 12¢ + 24.
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B 9. u(@t)=e', s0(e'y) =2te' and thus e™'y =2 fte! dt + ¢ = 2(te' — [e' dt) + ¢ = 2(te' —

e') +c. Thus y(t) = 2(t — 1)e* + ce!, so setting t = 0 we have 1 = —2 +¢, or ¢ = 3. Hence
y(t) = 2(t — 1)e* + 3e'.

10. The integrating factor is u(t) = e*. After multiplying both sides by u(t), the equation can
be written as (e* y)’ = t. Integrating both sides of the equation results in the general solution
y(t) = t2e7# /2 + c e~ Invoking the specified condition, we require that e=2/2+ce™2 = 0.
Hence ¢ = —1/2, and the solution to the initial value problem is y(t) = (£ — 1)e™2 /2.

11. The integrating factor is u(t) = e/?/94" = 2, Multiplying both sides by u(t), the equation
can be written as (12 y)’ = cost. Integrating both sides of the equation results in the general
solution y(t) = sin¢/t? + ¢ t~2. Substituting ¢t = 77 and setting the value equal to zero gives
¢ = 0. Hence the specific solution is y(t) = sin ¢/t

12, u() = e/ U+D/tdt — pl+Int — pot
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The solutions appear to diverge from an apparent oscillatory solution. From the direction
field, the critical value of the initial condition seems to be a, = —1. For a > —1, the solutions
increase without bound. For a < —1, solutions decrease without bound.

(b) The integrating factor is u(t) =e /2, so (e7'/?y) =2e'/?>cost. Integrating (see
comments in Problem 7) and dividing by e~/? yields the general solution y(t)=
(8sint —4cost)/5+ce'/>. Thus y(0) = —4/5+c =a,orc = a + 4/5and y(t) = —4cost/5 +
8sint/5+ (a+4/5)e'/?.

(c) If a+4/5 =0, then the solution is oscillatory for all ¢, while if a + 4/5 # 0, the solution
is unbounded as t — . Thus a, = —4/5.

14. (a) 27

A
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Solutions appear to grow infinitely large in absolute value, with signs depending on the initial
value y(0) = a,. The direction field appears horizontal for a, ~ —1/8.

(b) Dividing both sides of the given equation by 3, the integrating factor is u(t) = e=2/3.
Multiplying both sides of the original differential equation by u(t) and integrating results in
y(t) = (2e*/3 — 26772 4 a(4 + 37) e*/3) /(4 + 37). The qualitative behavior of the solution is
determined by the terms containing e?/3 : 2 e%/3 + a(4 + 37) ¢?/3. The nature of the solutions
will change when 2 + a(4 + 37) = 0. Thus the critical initial value is a, = —2/(4 + 37).

(c¢) In addition to the behavior described in part (a), when y(0) = —2/(4 + 37), the solution
is y(t) = (—2e"/2) /(4 + 37), and that specific solution will converge to y = 0.
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As t — 0, solutions increase without bound if y(1) = a > 0.4, and solutions decrease without
bound if y(1) = a < 0.4.

(b) The integrating factor is u(t) = e/(+V/tdt = t ¢! The general solution of the differential
equation is y(t) =te™" + ce™"/t. Since y(1) = a, we have that 1 + ¢ = ae. Thatis, ¢ = ae — 1.
Hence the solution can also be expressed as y(t) = te™" + (ae — 1) e~" /t. For small values of ¢,
the second term is dominant. Setting ae — 1 = 0, the critical value of the parameter is a, = 1/e.

(c) When a = 1/e, the solution is y(t) = t e~!, which approaches Oas t — 0.

m 16. (a) 6
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(b) u(t) = efcost/sintdt — glnsint — qjn ¢t and thus (ysint)’ = e’. Hence ysint =e‘ 4 cory =
(e' +¢)/sint. Settingt =1 and y = a we get ¢ = asinl —e so y(t) = (¢! —e + asin1)/sint.
If y(¢) is to remain finite as t — 0 the numerator, e’ — e + a sin 1, must approach 0 as t - 0 and
hence a, = (e —1)/sin1.

(c) Using a, we have y(t) = (e’ — 1)/ sin ¢, which approaches 1 as t — 0, using L'Hospital’s
rule.

17. The integrating factor is wu(t) = e/(1/2dt = ¢!/2, Therefore the general solution is
y(t) = (4cost + 8sint)/5+ ce™'/2. Invoking the initial condition, the specific solution is
y(t) = (4cost + 8sint — 9e~'/2)/5. Differentiating, it follows that y’(t) = (—4sint + 8 cost +
4.5¢7/2)/5 and y"(t) = (—4cost — 8sint — 2.25¢7'/2) /5. Setting y’(t) = 0, the first solu-
tion is t; = 1.3643, which gives the location of the first stationary point. Since y’'(t;) <0,
the first stationary point in a local maximum. The coordinates of the point are (1.3643,
0.82008).

18. The integrating factor is w(t) = e//9d! = /3, and the differential equation can
be written as (e*/3y) =e*/> —te*/3/2. The general solution is y(t) = (21 — 6t)/8 +
ce /3 Imposing the initial condition, we have y(t) = (21 — 6t)/8 + (y, — 21/8)e~2/3. Since
the solution is smooth, the desired intersection will be a point of tangency. Taking
the derivative, y'(t) = —3/4 — (2y, — 21/4)e™2/3 /3. Setting y'(t) = 0, the solution is t; =
(3/2)In[(21 — 8y,)/9]. Substituting into the solution, the respective value at the stationary
point is y(t;) =3/2+(9/4)In 3 —(9/8)In(21 — 8y,). Setting this result equal to zero, we
obtain the required initial value y, = (21 — 9¢*/3)/8 ~ —1.643.
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19. (a) The integrating factor is u(t) = e'/4, and the differential equation can be written as

(e!/*y) = 3e!/* + 2¢'/* cos 2t. After integration, we get that the general solution is y(t) =
12 + (8 cos 2t + 64sin 2t)/65 + ce™'/*. Invoking the initial condition, y(0) = 0, the specific
solution is y(t) = 12 + (8 cos 2t + 64 sin 2t — 788 e~1/*)/65. As t — oo, the exponential term
will decay, and the solution will oscillate about an average value of 12, with an amplitude of

8/4/65.
(b) Solving y(t) = 12, we obtain the desired value ¢ ~ 10.0658.

20. (e7'y)Y =e ' +3efsint so e'y=—e'—3e(sint+cost)/2+c or y{t)=
—1—3(sint + cost)/2 + ce'. Thus y(0) = —1—3/2+c¢ =y, or ¢ =y, + 5/2. Now, if y(t) is
to remain bounded as t — oo, we must have ¢ = 0 so that y, = —5/2.

21. The integrating factor is u(t) = e~3/2, and the differential equation can be written

as (e73/2y) =3te /2 4 2¢7!/2, The general solution is y(t) = =2t —4/3 —4e' 4+ ce?/2,
Imposing the initial condition, y(t) = —2t —4/3 — 4 e’ + (y, 4+ 16/3) e3/2. Now as t — oo, the
term containing e*/? will dominate the solution. Its sign will determine the divergence proper-
ties. Hence the critical value of the initial condition is y, = —16/3. The corresponding solution,
y(t) = =2t — 4/3 — 4¢', will also decrease without bound.

Note on Problems 24, 26, and 27:

Let g(t) be given, and consider the function y(t) = y,(¢)+ g(t), in which y,(t)—0
as t—oo. Differentiating, y’(t) = y/(t) +g'(t). Letting a be a constant, it follows that
y'(t) + ay(t) = yl’(t) + ay;(t) + g’(t) + ag(t). Note that the hypothesis on the function y,(t)
will be satisfied, if y,(t) + ay,(t) = 0. Thatis, y;(t) = ce™®. Hence y(t) = ce”* + g(t), which
is a solution of the equation y’ + ay = g’(t) + ag(t). For convenience, choose a = 1.

22. Write the first term of Eq.(47) as 2( fot e/*ds)/e’/*. In applying L'Hospital’s rule, the
derivative of the numerator term is e//* by the Fundamental Theorem of Calculus. The
derivative of the denominator is (1?/2)e‘2/4 and thus the limit of both terms in Eq.(47) is
Oast— oo.

23. u(t) = e so the differential equation can be written as (e%y)’ = be%e~* = bele=V!, If
a # A, then integration and solution for y yields y = [b/(a — A)Je™* + ce~®. Then lim, _, o, y
iszero since both 4 and a are positive numbers. If a = 4, then the differential equation becomes
(e*y) = b, which yields y = (bt + c)e™* as the solution. L’Hospital’s rule gives

bt +c¢ . b

lim y = lim = lim — =0.
t—»ooy o0 eM t—oo e

24. Here g(t) = 3, and we consider the linear equation y’ + y = 3. The integrating factor is
u(t) = ¢!, and the differential equation can be written as (e’ y)' = 3e'. The general solution is
y({t)=3+ce™.

25. There is no unique answer for this situation. One possible answer is to assume y(t) =
ce™ + 3 — t (which satisfies the given condition), then y’(t) = —2ce™% — 1. Eliminating ce™*
between the two equations yields y’ + 2y = 5 — 2t.

26. Here g(t) = 2t — 5. Consider the linear equation y’ + y = 2 + 2t — 5. The integrating fac-
tor is u(t) = €', and the differential equation can be written as (e’ y)’ = (2t — 3)e’. The general
solution is y(t) = 2t — 5+ ce™.

27. g(t) = 4 — t2. Consider the linear equation y’ + y = 4 — 2t — t2. The integrating factor is
u(t) = €', and the equation can be written as (e’ y)’ = (4 — 2t — t?)e'. The general solution is
yt)=4—1t>+ce™.

28. (a) Differentiating y and using the fundamental theorem of calculus we obtain that y’ =
Ae~/P®d . (_p(1)), and then y’ + p(t)y = 0.

(b) Differentiating y we obtain that

Y = Al()e POd 4 A(t)e/ PO (—p(1)).

Solutions Manual for Elementary Differential Equations 12th Boyce


https://textbooktestbanks.com/products/9781119777755-solutions

If this satisfies the differential equation then

Y+ p()y = A'(t)e™/ PO = g(t)
and the required condition follows.

(c) Letus denote u(t) = e/ P4 Then clearly A(t) = f u(t)g(t)dt, and after substitution y =
S u()gt)de - (1/u(t)), which is just Eq. (33).

29. By Problem 28, y(t) = A(t)e~ /(24 = A(t)e*. Differentiating y(t) and substituting into
the differential equation yields A’(t) = ¢? since the terms involving A(t) add to zero. Thus
A(t) = t3/3 + ¢, which substituted into y(t) yields the solution.

30. We assume a solution of the form y = A(t)e=/1/04t = A(t)e~" = A(t)t™!, where A(f)
satisfies A’(t) = 3t cos 2¢. This implies that

3cos2t + 3t sin 2t
4 2

A(t) =
and the solution is

3cos2t + 3sin 2t
4t 2

c
+ -
t

2.2

Problems 1 through 16 follow the pattern of the examples worked in this section. The first eight
problems, however, do not have an initial condition, so the integration constant ¢ cannot be
found.

1. Write the equation in the form ydy = x?dx. Integrating the left side with respect to y and
the right side with respect to x yields y?/2 = x3/3 + C, or 3y* — 2x3 = c.

2. The differential equation may be written as y~2dy = —sin x dx. Integrating both sides of
the equation, with respect to the appropriate variables, we obtain the relation —y~! = cos x + c.
That is, (c — cos x)y = 1, in which c is an arbitrary constant. Solving for the dependent
variable, explicitly, y(x) = 1/(c — cos x).

3. Write the differential equation as dy/(cos(2y))?, which also can be written as sec? 2y dy =
cos? x dx. Integrating both sides of the equation, with respect to the appropriate variables, we
obtain the relation tan 2y = sin x cos x + x +c.

4. We need x # 0 and |y| < 1 for this problem to be defined. Separating the variables we get
(1 —y*)~'/2dy = x~! dx. Integrating each side yields arcsiny = In |x| + ¢, so y = sin(In | x| +
¢), x # 0 (note that |y| < 1). Also, y = +1 satisfy the differential equation, since both sides are
Zero.

5. The differential equation may be written as (y + e”)dy = (x — e™)dx. Integrating both
sides of the equation, with respect to the appropriate variables, we obtain the relation y? +
2e¥ =x*+2e ¥ +c.

6. Write the differential equation as (1 + y*)dy = x? dx. Integrating both sides of the equa-
tion, we obtain the relation y + y3/3 = x3/3 +c.

7. Write the differential equation as y~' dy = x~! dx. Integrating both sides of the equation,
we obtain the relation In |y| = In |x| + c. Solving for y explicitly gives y = kx. Note that k may
be positive or negative due to the absolute values in the integrated equation.

8. Write the differential equation as y dy = —x dx. Integrating both sides of the equation,
we obtain the relation (1/2)y? = —(1/2)x? + c. The explicit form of the solution is y(x) =
+Vx2 + c¢. The initial condition would then be used to determine whether the positive of
negative solution is to be used for a specific initial value problem.

9. (a) The differential equation is separable, with y~2dy = (1 — 2x)dx. Integration yields
—y~! = x — x? + ¢. Substituting x = 0 and y = —1/6, we find that ¢ = 6. Hence the specific
solutionisy = 1/(x* — x — 6).
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(c) Note that x> —x — 6 = (x + 2)(x — 3). Hence the solution becomes singular at x = —2

and x = 3, so the interval of existence is (-2, 3).

10. (a) Separating the variables we get ydy = (1 — 2x)dx, so y*/2 = x — x> + ¢. Setting x = 1
andy = —2wehavec = 2and thus y? = 2x — 2x? + 4or y(x) = —\/2x — 2x2 + 4. The negative
square root must be used since y(1) = —2.

(b) 7
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(c) Rewriting y(x) as y(x) = —V/2(2 — x)(x + 1), we see that y is defined for —1 < x < 2.
However, since y’ does not exist for x = —1 or x = 2, the solution is valid only for the open
interval —1 < x < 2. The interval of existence is (—1, 2).

12. (a) Write the differential equation as r~2dr = 6~! d6. Integrating both sides of the equa-
tion results in the relation —r~! = In 6 + ¢. Imposing the condition r(1) = 2, we obtain ¢ =
—1/2. The explicit form of the solutionisr = 2/(1 —2 In 0).
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(c) Clearly, the solution makes sense only if 6 > 0. Furthermore, the solution becomes
singular when In 6 = 1/2, thatis, 6 = \/Z.

14. (a) Separating variables and integrating yields y + y* = x? + c. Setting y = 0 when x = 2
yields ¢ = —4 or y* + y = x? — 4. To solve for y complete the square on the left side by adding
1/4 to both sides. This yields y? +y + 1/4 = x> —4 + 1/4 or (y + 1/2)? = x*> — 15/4. Taking
the square root of both sides yields y + 1/2 = ++/x2 — 15/4, where the positive square root
must be taken in order to satisfy the initial condition. Thus y(x) = —1/2 + /x2 — 15/4, which
is defined for x2 > 15/4 or x > /15/2.
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P 15.(a) Separating variables gives (2y — 5)dy = (3x2 — e¢*)dx and integration then gives y* —
5y = x3—e* +c. Settingx =0and y = 1wehave 1 —5=0—1+c¢, or c = —3 and thus y* —
5y — (x* — e* — 3) = 0. Using the quadratic formula then gives y(x) = 5/2 —/x3 — ex + 13/4,
where the negative square root is chosen so that y(0) = 1.

(b)
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(c¢) The solution is valid for approximately —1.45 < x < 4.63. These values are found by
estimating the roots of 4x* — 4e* + 13 = 0.

B3P 16.(a) We start with cos3ydy = —sin2xdx and integrate to get (1/3)sin3y =
(1/2)cos2x + c. Setting y = /3 when x = /2 (from the initial condition) we find that
0=-1/2+corc=1/2,so that (1/3)sin3y = (1/2)cos2x + 1/2 = cos® x (using the appro-
priate trigonometric identity). To solve for y we must choose the branch that passes through
the point (r/2, 7r/3), so y(x) = (7 — arcsin(3 cos? x))/3.
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(c) The solution in part (a) is defined only for 0 < 3cos?x < 1, or —/1/3 < cosx <+/1/3.
Taking the indicated square roots and then finding the inverse cosine of each side yields
0.9553 < x < 2.1863, or |x — /2| < 0.6155, as the appropriate interval.

BB 17. We have (3y? — 6y)dy = (1 + 3x?)dx so that y* — 3y? = x + x> — 2, once the initial con-
dition is used. From the differential equation, the integral curve will have a vertical tangent
when 3y? — 6y = 0,0ry = 0, 2. For y = 0 we have x> + x — 2 = 0, which is satisfied for x = 1,
which is the only zero of the function w = x3 + x — 2. Likewise, for y = 2, x = —1. Thus the
solution is valid on |x| < 1.
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18. The differential equation can be written as (3y? — 4)dy = 3x*dx. Integrating both sides,
we obtain y* — 4y = x3 + ¢. Imposing the initial condition, the specific solution is y* — 4y =
x> — 1. Referring back to the differential equation, we find that y’ — co as y — +2 /\/g. The
respective values of the abscissas are x ~ —1.276, 1.598. Hence the solution is valid for
—-1.276 < x < 1.598.

21. (a) By sketching the direction field or by using the differential equation we note that
y' <0 for y >4 and y’ approaches zero as y approaches 4. For 0 < y <4, y' > 0 and again
approaches 0 as y approaches 4. Thus lim,_, ., y = 4 if y, > 0. For y, < 0, y’ < 0 for all y and
hence y becomes negatively unbounded as ¢ increases. If y, = 0, then y’ = 0forall¢,soy =0
for all ¢.

(b) Separating variables and using a partial fraction expansion we obtain that (1/y —1/(y —
4))dy = (4/3)t dt. Hence In |y/(y — 4)| = 2t>/3 + ¢;, and therefore |y/(y — 4)| = e%1e2’/3 =
ce?’/3 where c is positive. For y(0) = y, = 0.5, this gives us the equation [0.5/(0.5—4)| =c¢
and thus ¢ = 1/7. Using this value for ¢ and solving for y yields y(t) = 4/(1 + 7e=%°/3). Setting
this equal to 3.98 and solving for ¢ yields ¢ = 3.29527.

22. (a) Write the differential equation as y~'(4 — y)~'dy = t(1 + t)~'dt. Integrating both
sides of the equation, we obtain In |y| —In|y — 4| = 4t —41n|1 + ¢| + c. Taking the expo-
nential of both sides |y/(y —4)| = ce*/(1+1t)*. It follows that as t — oo, |y/(y —4)| =
|1 +4/(y —4)| - 0. That is, y(t) —> 4.

(b) Setting y(0) = 2, we obtain that ¢ = 1. Based on the initial condition, the solution may be
expressed as y/(y —4) = —e* /(1 + t)*. Note that y/(y —4) <0, for all ¢ > 0. Hence y < 4
for all t > 0. Referring back to the differential equation, it follows that y’ is always positive.
This means that the solution is monotone increasing. We find that the root of the equation
e /(1 +1t)* =399 isnear t = 2.844.

(c) Note the y(t) =4 is an equilibrium solution. Examining the local direction field we
see that if y(0) > 0, then the corresponding solutions converge to y = 4. Referring back to
part (a), we have y/(y —4) = [yo/(yo — 4)]e* /(1 + t)*, for y, # 4. Setting t = 2, we obtain
Yo/ o —4) = (3/e2)*y(2)/(¥(2) — 4). Now since the function f(y)=y/(y —4) is mono-
tone for y < 4 and y > 4, we need only solve the equations y,/(y, — 4) = —399(3/e?)* and
Yo/ (Yo — 4) = 401(3/e?)*. The respective solutions are y, = 3.6622 and y, = 4.4042.

23. Separating variablesyields (cy + d)/(ay + b)dy = dx.Ifa #0and ay + b # Othendx =
(¢/a + (ad — bc)/(a(ay + b)) dy. Integration then yields the desired answer.

24. Separating variables yields dQ/(a + bQ) = rdt. If b # 0, then integrating gives In(|a +
bQl)/b = rt + c; solving for Q and applying the initial condition yield

o =(Q+5)er -2

%>0,Q(t)—>—ooifbr>0anon+%<0,Q(t)—>

—%ifbr<00rifbr>0andQ0+%=0,andQ(t)—>Qoifbr=0.Ifb=OthenQ(t)=art+
Qo and Q(t) — oo ifar > 0,Q(t) » —x if ar < 0,and Q(t) — Q, if ar = 0.

Ast - o0, Q(t) — oo if br > 0and Q, +

Y _ y
dy _y—4x x(x 4) x4
25. (a) - = = =
dx xX—-y y y
x(1-= 1-=
X X
dy dv
(b) From v = y/x we find that y = xv. Thus il +xa.
(c¢) Combining the results of (a) and (b) produces v +xg—z = i):j,which may be solved to
dv _v—4  v—-4-v1-v) -4
ﬁndthatxa—l_v—v— T =1T-7"

Solutions Manual for Elementary Differential Equations 12th Boyce


https://textbooktestbanks.com/products/9781119777755-solutions

2.2

(d) Separating variables yields (1 — v)/(v? — 4)dv = dx/x. A partial fraction expansion on
the left side of the equation gives

( ! - 3 )dv—d—xor<— ! + 3 >dv——4d—x
4v-2) 4v+2) T ox V-2 v+2 T x

Integration leads to —In|v—2|+3In|v+2| = —4In|x| 4+ c¢. Combining the logarithmic
terms and exponentiating both sides of the equation produces the implicit relationship |v +
213 v —2| = k/x*.

(e) Substituting v = y/x in the implicit relationship given in (d) and then mutliplying each
side by x* gives the implicit relationship (y + 2x)*(y — 2x) = k.
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28. (a) Observe that (4y —3x)/(2x —y) = (4(y/x) —3)/(2 —y/x). Hence the differential
equation is homogeneous.

(b) Substituting y = vx we get v + xv’ = (4v — 3)/(2 — v) which can be rewritten as xv’ =
(v? +2v —3)/(2 —v). Note that v = —3 and v =1 are solutions of this equation. For v #
1, —3 separating variables gives (2 —v)/((v + 3)(v —1))dv = (1/x) dx. Applying a partial
fraction decomposition to the left side we obtain (1/(4(v — 1)) — 5/(4(v + 3)))dv = (1/x) dx,
and upon integrating both sides we find that (1/4)In|v —1| —(5/4)In|v + 3| =In|x]| +c.
Substituting for v and performing some algebraic manipulations we get the solution in the
implicit form |y — x| = ¢|y + 3x|°>.v = 1andv = —3yield y = x and y = —3x, respectively, as
solutions also.

(¢) The integral curves are symmetric with respect to the origin.
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29. (a) Observe that —(4x +3y)/2x+y)=-2—(y/x)[2+ (y/x)]_l. Hence the differential
equation is homogeneous.

(b) The substitution y = xv results in v+ xv’ = -2 —v/(2 + v). The transformed equa-
tion is v’ = —(v* + 50 +4)/(2 +v)x. This equation is separable, with general solution
(v+4)?|v+1| =c/x> In terms of the original dependent variable, the solution is (4x +
Yix+yl =c
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(c) The integral curves are symmetric with respect to the origin.
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30. (a) The differential equation can be expressed as y’ = (1/2)(y/x)~! — (3/2)(y/x). Hence

(1—50v%)/2v.

the equation is homogeneous. The substitution y = xv results in xv’

Separating variables, we have 2vdv /(1 — 50%) = dx/x.

(b) Integrating both sides of the transformed equation yields —(In |1 — 502|)/5 = In |x| + ¢,

thatis, 1 — 50 =¢/ |x|>. In terms of the original dependent variable, the general solution is

3

592 =x%—c/|x|.

(c) The integral curves are symmetric with respect to the origin.
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31. (a) The differential equation can be expressed as y’ = (3/2)(y/x) — (1/2)(y/x)~. Hence

(v? —1)/2v, that is,

the equation is homogeneous. The substitution y = x v results in x v’

2vdv/(v? — 1) = dx/x.

In |x| +c, that

(b) Integrating both sides of the transformed equation yields In

is, V2 —1

¥ -1
o -1

= c|x|. In terms of the original dependent variable, the general solution is y

2

cx?|x| + x%

(c) The integral curves are symmetric with respect to the origin.
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2.3

1. Let Q(t) be the amount of dye in the tank at time ¢. Clearly, Q(0) = 200 g. The differential
equation governing the amount of dye is Q'(t) = —2Q(t)/200. The solution of this separable
equation is Q(t) = Q(0)e~*/1% = 200e~/1%°, We need the time T such that Q(T) = 2 g. This
means we have to solve 2 = 200e~7/1% and we obtain that T = —1001n(1/100) = 1001n 100 ~
460.5 min.

2. Let S(t) be the amount of salt that is present at any time ¢, then S(0) = 0 is the original
amount of salt in the tank, 2y is the amount of salt entering per minute, and 2(S/120) is
the amount of salt leaving per minute (all amounts measured in grams). Thus dS/dt = 2y —
25/120, S(0) = 0. This is a linear equation, which has e'/% as its integrating factor. Thus the
general solution is S(t) = 120y + ce™/%°. S(0) = 0 gives ¢ = —120y, 50 S(t) = 120y(1 — e~'/%0)
and hence S(t) —» 120y grams as t — 0.

3.(a) Let Q be the amount of salt in the tank. Salt enters the tank of water at a rate of
2(1/4)Q +(@1/2)sin t) =1/2+4 (1/4)sin t oz/min. It leaves the tank at a rate of 2Q/100
oz/min. Hence the differential equation governing the amount of salt at any time is

dQ 1 1 . Q
E—§+151nt—ﬁ.

The initial amount of salt is Q, = 50 oz. The governing differential equation is linear, with
integrating factor u(t) = e'/>°. Write the equation as (e'/*°Q)’ = !/%°(1/2 + (1/4)sin t). The
specific solution is Q(t) = 25 + (12.5sin t — 625 cos t + 63150e7'/%°) /2501 oz.

(b) 501

40 -

30 4

20 +

(c) The amount of salt approaches a steady state, which is an oscillation of approximate
amplitude 1/4 about a level of 25 oz.

4. (a) Using the Principle of Conservation of Energy, the speed v of a particle falling from a
height h is given by

%mv2 = mgh.

(b) The outflow rate is (outflow cross-section area) X (outflow velocity): « a\/Zg_h. At any
instant, the volume of water in the tank is V(h) = foh A(u)du. The time rate of change of the
volume is given by dV /dt = (dV /dh)(dh/dt) = A(h)dh/dt. Since the volume is decreasing,
dv /dt = —a an/2gh.

(c) With A(h)=7m, a=0.017, a =0.6, the differential equation for the water level
h is m(dh/dt) = —0.006 m/2gh , with solution h(t) = 0.000018gt> — 0.0061/2gh(0) ¢ + h(0).
Setting h(0) = 3 and g = 9.8, h(t) = 0.0001764 t> — 0.046t + 3, resulting in h(t) = 0 for ¢ ~
130.4 s.

5. (a) The equation governing the value of the investment is dS/dt = r S. The value of the
investment, at any time, is given by S(t) = Sye’. Setting S(T) = 2S,, the required time is T =

In(2)/r.
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(b) Forthecase r =.07, T % 9.9 yr.

(c) Referring to part (a), r =1In(2)/T. Setting T =8, the required interest rate is to be
approximately r = 8.66%.

6. (a) SetS, =01in Eq.(16) (or solve Eq.(15) with S(0) = 0).
(b) Setr =0.075,t = 40 and S(¢) = $1, 000, 000 in the answer to part (a) and then solve for k.

(c) Set k =$2,000, t =40 and S(t) = $1,000,000 in the answer to part (a) and then solve
numerically for r.

7. Let S(t) be the amount of the loan remaining at time ¢, then dS/dt = 0.1S — k, S(0) =
$8,000. Solving this for S(t) yields S(t) = 8000e%! — 10k(e®!* — 1). Setting S = 0 and substi-
tution of t = 3 gives k = $3,086.64 per year. For 3 years this totals $9,259.92, so $1,259.92 has
been paid in interest.

8. (a) Using Eq.(15) we have dS/dt — 0.005S = —(800 + 10¢t), S(0) = 150, 000. Using an inte-
grating factor and integration by parts we obtain that S(¢) = 560,000 — 410, 000¢%%%" + 2000¢.
Setting S(¢) = 0 and solving numerically for ¢ yields t = 146.54 months.

(b) The solution we obtained in part (a) with a general initial condition S(0) =S, is
S(t) = 560,000 — 560, 000e%%0% + S99 + 2000¢. Solving the equation S(240) = 0 yields
So = 246, 758.

9. (a) LetQ’ = —r Q. The general solution is Q(¢) = Q,e™"". Based on the definition of half-life,
consider the equation Q,/2 = Qe ~>73" It follows that —5730 r = In(1/2), thatis, r = 1.2097 X
10~* per year.

(b) The amount of carbon-14 is given by Q(t) = Q, e~2097x107"

(c) Given that Q(T) = Q,/5, we have the equation 1/5 = e~1207X10™'T Splving for the decay
time, the apparent age of the remains is approximately T = 13, 305 years.

10. (a) We have (1/y)dy = (0.1 +0.2sint)dt, by separating variables, and thus y(t) =
cel1i=02c0st y(0) = 1 gives ¢ = €92, s0 y(t) = O2+0-1t=0.2¢ost Getting y = 2 yields In2 = 0.2 +
0.1t — 0.2 cos 7, which can be solved numerically to give T = 2.9632. If y(0) = y, then as above,
Y(t) = y,e02+0-1=02c0st Thyg if we set y = 2y, we get the same numerical equation for 7 and
hence the doubling time has not changed.

(b) The differential equation is dy/dt = y/10, with solution y(t) = y(0)e'/!°. The doubling
time is given by 7 = 101n 2 =~ 6.9315.

(c) Consider the differential equation dy/dt = (0.5 + sin(27t)) y/5. The equation is separa-
ble, with (1/y)dy = (0.1 + %sin(zm))dt. Integrating both sides, with respect to the appro-

priate variable, we obtain In y = (7t — cos(27t))/10x + c. Invoking the initial condition,
the solution is y(t) = e(1+7¢=cos2mD)/107 The doubling-time is T ~ 6.3804. The doubling time
approaches the value found in part (b).

(D .
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11. (a) The differential equation dy/dt = r(t)y — k is linear, with integrating factor u(t) =
e~ /0t WWrite the equation as (uy)’ = —k u(t). Integration of both sides yields the general

solution y = [—k f u(7)dt + Yo u(0)] /u(t). In this problem, the integrating factor is u(t) =
e(cos t—t)/S‘

0.5

(b) The population becomes extinct, if y(t*) = 0, for some ¢ = t*. Referring to part (a), we
find that y(t*) = 0 when

£
f elcos T=1)/54r = 5 el/Syc_
0

It can be shown that the integral on the left hand side increases monotonically, from zero to a
limiting value of approximately 5.0893. Hence extinction can happen only if 5e'/y, < 5.0893.
Solving 5¢!/°y, = 5.0893 yields y, = 0.8333.

(c) Repeating the argument in part (b), it follows that y(t*) = 0 when

o
/ e(cos r—r)/SdT — l el/Syc_
o k

Hence extinction can happen only if e/°y,/k < 5.0893, s0 y, = 4.1667 k.

(d) Evidently, y, is a linear function of the parameter k.

12. If T is the temperature of the coffee at any time ¢, then dT/dt = —k(T — 70), T(0) = 200,
T(1) = 190. The solution of this linear equation will involve k (the cooling rate) and the
integration constant c. Use T(0) = 200 to find ¢ and then use T(1) = 190 to evaluate k.

13. (a) The solution of the governing equation satisfies u> = u03 /( 3ocu03 t+1). With the
given data, it follows that u(t) = 2000/y/6¢/125 + 1.

(b) 2000 ~

1800 -
1600 -
1400 -
1200 H

1000 H

o 50 100 150 200

(c) Numerical evaluation results in u(t) = 600 for ¢t ~ 750.77 s.
14. (a) Eq.(i) is a linear equation with the integrating factor e*. Thus (e*'u) = k(T, +

T, cos wt)eX and hence e¥'u = Tye* + kT, f coswteX! dt + c. Evaluating the integral (by parts
or by a symbolic software package) and dividing by e yields u(t) = T, + kT, (k cos wt +
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wsinwt)/(k? + w?) + ce™*. Note that the last term approaches zero as t — oo for any initial
condition, and that the rest of the solution oscillates about u(t) = T,,.

(b) R~ 9°F, 7 ~ 3.5h.

68 -
66 -
()4:
62:
60
58
56:
54:

52

z

(c) Recall that R cos(w(t — 7)) = Rcoswt coswt + R sin wt sin wt. Comparing this with the
oscillatory portion of the above solution we have R cos wt = kT, /(k? + »?) and R sin wt =
kT, /(k* + w?) since these are the coefficients of cos wt and sin wt, respectively. By squaring
and adding we find R* = k*T} /(k* + w?) and by dividing we find tan wt = w/k.

EP 15. (a) The required differential equation is dQ/dt = kr + P — Q(t)r/V, since kr is the rate
of water pollutant entering the lake, P is the rate of pollutant entering directly and Q(¢t)r/V is
the rate at which the pollutant leaves the lake. The initial condition is Q(0) = V'¢,. Since ¢ =
Q(t)/V, the initial value problem may be rewritten as V¢/(t) = kr + P — re, ¢(0) = ¢,, which
has the solution c(t) = k + P/r + (co — k — P/r)e™"/V 1tis easy to see that lim, _, ,, c(t) = k +
P/r.

(b) c(t) = cye /. The reduction times are Ts, = VIn2/r and T}, = VIn10/r.

(c) The reduction times are Tg=(12,200)In10/65.2 =430.85 years; for Lake
Michigan, T,; = (4,900)In10/158 = 71.4 years; Ty = (460)In10/175 = 6.05 years; and
To = (16,000)In10/209 = 17.63 years.

EP 16. (a) If we measure x positively upward from the ground, then Eq.(4) of Section 1.1 becomes
mdv/dt = —mg, since there is no air resistance. Thus the initial value problem for v(t) is
dv/dt = —g, v(0) = 20, which gives v(t) = 20 — gt. Since dx/dt = v(t) we get x(t) = 20t —
(g/2)t* + c. Then x(0) = 30 gives ¢ = 30 and thus x(t) = 20t — (g/2)t> + 30. At the maximum
height v(t,,) = 0 and thus t,, = 20/9.8 = 2.04 sec, which when substituted in the equation for
x(t) yields the maximum height.

(b) The ball hits the ground when x(¢) = 0, solving this equation gives ¢t = 5.2 sec.

(C) Ve/locrty Positiorn
20 50

10 4

EP 17. (a) The differential equation for the motion is m dv/dt = —v/30 — mg. Given the initial
condition v(0) = 20 m/s, the solution is v(t) = —44.1 + 64.1e~/*5, Setting v(t;) = 0, the ball
reaches the maximum height at t; = 1.683 s. Integrating v(t), the position is given by x(t) =
318.45 — 44.1t — 288.45¢~!/45. Hence the maximum height is x(¢;) = 45.78 m.

(b) Setting x(t,) = 0, the ball hits the ground at ¢, = 5.128 s.
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18. (a) The differential equation for the upward motion is mdv/dt = —uv? — mg, in which
u = 1/1325. This equation is separable, with m/(u v? + mg) dv = —dt. Integrating both sides
and invoking the initial condition, v(t) = 44.133 tan(0.425 — 0.222t). Setting v(t;) = 0, the
ball reaches the maximum height at ¢; = 1.916 s. Integrating v(t), the position is given
by x(t) = 198.75 In[cos(0.222t — 0.425)] + 48.57. Therefore the maximum height is x(t;) =
48.56 m.

(b) The differential equation for the downward motion is m dv/dt = +uv? — mg. This equa-
tion is also separable, with m/(mg — uv?) dv = —dt. For convenience, set t = 0 at the top of
the trajectory. The new initial condition becomes v(0) = 0. Integrating both sides and invoking
the initial condition, we obtain In((44.13 — v)/(44.13 + v)) = t/2.25. Solving for the velocity,
v(t) = 44.13(1 — e/2%5) /(1 + €!/>?%). Integrating v(t), we obtain x(t) = 99.29In(e!/>>5 /(1 +
e!/225)2) 4 186.2. To estimate the duration of the downward motion, set x(t,) = 0, resulting
in t, = 3.276 s. Hence the total time that the ball spends in the airis t; + ¢, = 5.192s.

( C) Ve/locrity Positiorn

40 +

30

20

“10 4

10 4

~20 4

19. (a) Measure the positive direction of motion upward. The equation of motion is given
by mdv/dt = —k v — mg. The initial value problem is dv/dt = —kv/m — g, with v(0) = v,.
The solution is v(t) = —mg/k + (vy + mg/k)e /™. Setting v(t,,) = 0, the maximum height
isreached at time t,, = (m/k)1In [(mg + kv,)/mg]. Integrating the velocity, the position of the
body is

x(t) = _mgt/k + [(%)Zg + %] (1 — e—kt/m)‘

Hence the maximum height reached is

k
(b) Recall thatfor § <1, In(14+8) =8 —682/2+83/3—-6%/4+ ...

muv m mg+ kv,
X = X(tm) = L _g(f)zln[%] .

(c) The dimensions of the quantities involved are [k] = MT™!, [v,] = LT}, [m] = M and
[g] = LT~2. This implies that kv, /mg is dimensionless.

20. (a) Asin Problem 19, mdv/dt = —mg — kv, v(0) = v,.

(b) From part (a), v(t) = —mg/k + (v, + mg/k)e™ /™. As k — 0, this has the indeterminate
form of —co + 0. Thus rewrite v(t) as

(1) = (—=mg + (vok + mg)e™ /™) /k,
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which has the indeterminate form 0/0 as k — 0. Using L’'Hospital’s rule,

. —mg+ (kv + mg)ekt/m
lim

k=0 k

t
= lim[vye */m — —(k v, + mg)e k/m] = v, — gt.
k_)o[o m( o g) 1 o — &

©

mg

: _ E —kt/m| —
Wlll_rpo ’ +( A + Ve =0,

since lim,,, _, o e~*/™ = 0.

21. (a) The equation of motion is m(dv/dt) = w — R — B which, in this problem, is
(4/3)ma’p(dv/dt) = (4/3)ma’pg — 6muav — (4/3)mwa’p’g. The limiting velocity occurs when
dv/dt = 0.

(b) Since the droplet is motionless, v = dv/dt = 0, we have the equation of motion 0 =
(4/3)wa’pg — Ee — (4/3)ma®p’g, where p is the density of the oil and o’ is the density of air.
Solving for e yields the answer.

22. (a) We obtain these by solving the given differential equations with the initial conditions
v(0) = ucos A and w(0) = usin A.

(b) From part (a) dx/dt = v = ucos A and hence x(t) = tucos A + d;. Since x(0) = 0, we
have d, = 0 and x(t) = tucos A. Likewise, dy/dt = w = —gt + usin A and therefore y(t) =
—gt?/2 + tusin A + d,. Since y(0) = h we have d, = h and y(t) = —gt?/2 + tusin A + h.

© 150

160:
140:
120:
l()():

80:
(»0:
40:

20

o T T T T

(o] 100 200 300 400

(d) Let t, be the time the ball reaches the wall. Then x(t,) =L = t,ucos A and thus ¢, =
L/(u cos A). For the ball to clear the wall y(t,,) > H and thus (setting t,, = L/(ucos A), g = 32
and h = 3iny) we get —16L2/(u? cos? A) + Ltan A + 3 > H.

(e) Setting L =350 and H =10 we get —161.98/cos> A +350tanA > 7 or 7cos’A —
350cos Asin A 4+ 161.98 < 0. This can be solved numerically or by plotting the left side as a
function of A and finding where the zero crossings are.

(f) Setting L = 350 and H = 10 in the answer to part (d) yields the equation —16(350)*/
(u? cos? A) + 350 tan A = 7, where we have chosen the equality sign since we want to just clear
the wall. Solving for u?, we obtain that in this case u? = 1,960,000/(175 sin 2A — 7 cos? A).
Now u will have a minimum when the denominator has a maximum. Thus 350 cos 2A +
7sin2A = 0, or tan 2A = —50, which yields A = 0.7954 rad and u = 106.89 ft/sec.

23. (a) Both equations are linear and separable. Initial conditions: v(0) = u cos A and w(0) =
usin A. We obtain the solutions v(t) = (ucos A)e™"" and w(t) = —g/r + (usin A + g/r)e™"".

(b) Integrating the solutions in part (a), and invoking the initial conditions, the coordinates
are x(t) = ucos A(1 —e™"")/r and

gt+g+ursinA+hr2

y(@) = - 5

u . g —rt
—(7smA+ﬁ)e .
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(d) LetT be the time that it takes the ball to go 350 ft horizontally. Then from above, e™7/5 =
(u cos A —70)/u cos A. At the same time, the height of the ball is given by

Y(T) = —160T + 803 + Susin A — (800 + 5u sin A)(ucos A — 70)

ucosA
Hence A and u must satisfy the equality
— inA A—
SOOln[u cos A—70 +803+5usinA—(800+5usm )(u cos 70) ~ 10
u cos A UucosA

for the ball to touch the top of the wall. To find the optimal values for u and A, consider u as a
function of A and use implicit differentiation in the above equation to find that

du _ u(u®cosA—70u—11200sin A)
dA 11200 cos A ‘

Solving this equation simultaneously with the above equation yields optimal values for u and
A:u ~ 145.3ft/s, A ~ 0.644 rad.

24. (a) Solving equation (i), y/(x) = [(k2 -/ y]l/z. The positive answer is chosen, since y is

an increasing function of x.

(b) Lety =k? sin’ t. Then dy = 2k?sin t cos tdt. Substituting into the equation in part (a), we
find that

2k*sintcostdt _ cost
dx sint’

Hence 2k?sin® tdt = dx.

(c) Setting & = 2t, we further obtain k? sin’(8 /2)d6 = dx. Integrating both sides of the equa-
tion and noting that t = 8 = 0 corresponds to the origin, we obtain the solutions x(6) =
k?(6 — sin ) /2 and (from part (b)) y(8) = k*(1 — cos 0)/2.

(d) Note that y/x = (1 —cos 8)/(6 — sin ). Setting x = 1, y = 2, the solution of the equa-
tion (1 —cos 6)/(6 —sin 6) = 2is 6 ~ 1.401. Substitution into either of the expressions yields
k ~ 2.193.

2.4

1. Iftheequation iswritten in the form of Eq.(1), then p(t) = Int/(t — 3)and g(¢) = 2t /(t — 3).
These are defined and continuous on the intervals (0, 3) and (3, o), but since the initial point
is t = 1, the solution will be continuouson 0 < t < 3.

2. The function tan ¢t is discontinuous at odd multiples of /2. Since 7/2 < 7w < 37/2, the
initial value problem has a unique solution on the interval (7/2, 377/2).

3. p(t) = 2t/(4 —t?) and g(t) = 3t?/(4 — t?), which have discontinuities at t = +2. Since
t, = —3, the solution will be continuous on —oo < t < —2.
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4. The function In ¢ is defined and continuous on the interval (0, c0). Att =1, Int =0, so
the normal form of the differential equation has a singularity there. Also, cott is not defined
at integer multiples of 7, so the initial value problem will have a solution on the interval (1, 7).

5. Theorem 2.4.2 guarantees a unique solution to the differential equation through any point
(to,yo) such that 2 + y2 < 1sincedf /dy = —y/(1 — t* — y*)'/? is defined and continuous only
for 1 —t? — y? > 0. Note also that f = (1 — t> — y?)!/2 is defined and continuous in this region
as well as on the boundary t? 4+ y? = 1. The boundary can’t be included in the final region due
to the discontinuity of 6 f /3y there.

6. The function f(¢,y) is discontinuous along the coordinate axes, and on the hyperbola ¢? —
y? = 1. Furthermore,

af _ +1 _,_ yniy|
dy  yA—-r24y2) “(1—-12+4y2)2

has the same points of discontinuity.

7. f(t,y)is continuous everywhere on the plane. The partial derivative d f /3y is also contin-
uous everywhere.

8. In this case f=(1+1t*)/(y(3-y)), and then df/dy=1+t>)/(yB—-y)*) -1+
t2)/(»*(3 — y)), which are both continuous everywhere except fory = 0 and y = 3.

9. The differential equation can be written as ydy = —4tdt, so y?/2 = —2t> + ¢c,or y*> = ¢ —
412, The initial condition then yields y¢ = ¢, so that y* = y5 — 4t? or y = +4/y; — 412, which is
defined for 412 < yé or |t| < |yo|/2. Note that y, # 0 since Theorem 2.4.2 does not hold there.

10. Theequation is separable, with dy/y? = 2t dt. Integrating both sides, the solution is given
by y(t) = yo/(1 — yot?). For y, > 0, solutions exist as long as t* < 1/y,. For y, < 0, solutions
are defined for all t.

11. The equation is separable, with dy/y® = — dt. Integrating both sides and invoking the ini-
tial condition, y(t) = y,/4/2ygt + 1. Solutions exist as long as 2y;t + 1 > 0, thatis, 2yt > —1.
If y, # 0, solutions exist for ¢ > —1/2y§. If y, = 0, then the solution y(t) = 0 exists for all ¢.

12. The function f(t,y) is discontinuous along the straight lines t = —1 and y = 0. The
partial derivative df/dy is discontinuous along the same lines. The equation is separable,
with ydy = t?dt/(1 + £3). Integrating and invoking the initial condition, the solution is
y(®) =[(2/3)In ‘1 + t3‘ + yg]l/z. Solutions exist as long as (2/3)In |1 + t3| +yg >0, that is,
ye=—(2/3)In |1 + t3|. For all y, (it can be verified that y, = 0 yields a valid solution, even
though Theorem 2.4.2 does not guarantee one), solutions exist as long as |1 + 13 > e /2,
From above, we must have ¢ > —1. Hence the inequality may be written as 3 > e=3%/2 — 1.
It follows that the solutions are valid for (e=3%/2 — D3 <t < co.

13. Vb
(R Y

7 7
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REEEE
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From the direction field (or the given differential equation) it is noted thatfort > 0andy < 0
thaty’ < 0,s0y— —oo for y, < 0. Likewise, for0 < y, < 3,y’ >0andy’' »0asy—3,s0y—3
for 0 < y, < 3 and for y, > 3, " < 0 and again y’ -0 as y— 3, so y — 3 for y, > 3. For y, = 3,
y' ' =0andy = 3forall t and for y, = 0,y’ = 0and y = 0 for all .
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Based on the direction field, and the differential equation, for y, < 0, the slopes eventually

become negative, and hence solutions tend to —oco. For y, > 0, solutions increase without

bound if t, < 0. Otherwise, the slopes eventually become negative, and solutions tend to zero.

Furthermore, y,

0 is an equilibrium solution. Note that slopes are zero along the curves

O0and ty = 3.
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15.

For initial conditions (¢,, y,) satisfying ty < 3, the respective solutions all tend to zero. For

Yo <9, the solutions tend to 0; for y, > 9, the solutions tend to . Also, y,

solution.

0Oisan equilibrium
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16.

Solutions with #, < 0 all tend to —oo. Solutions with initial conditions (¢,,y,) to the right of

the parabola t = 1 + y? asymptotically approach the parabola as ¢ — co. Integral curves with

initial conditions above the parabola (and y, > 0) also approach the curve. The slopes for solu-

tions with initial conditions below the parabola (and y, < 0) are all negative. These solutions

tend to —co.

satisfies the condition

17. (@) No. There is no value of ¢, > 0 for which (2/3)(t — t,)*/?

y(1)=1.

1/2in Eq.(19).

(b) Yes. Let t,

(c) Fort,> 0, |y(2)| < (4/3)*/% = 1.54.
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B 18.(a) For y, =1—t, y; =—1, so substitution into the differential equation gives

—1=(-t+Vt2+41-1))/2=(—t+({t —2)2)/2 =(—t + |t —2])/2. By the definition of
the absolute value, the right side is —1 if t —2 > 0. Setting ¢t = 2 in y; we get y,(2) = —1, as
required by the initial condition. For y, = —t*/4, y}, = —t /2 so substitution into the differential

equation yields —t/2 = (—t ++/t2 + 4(—t2/4))/2 = —t /2 which is valid for all ¢ values. Also,
»(2)=-1

(b) By Theorem 2.4.2 we are guaranteed a unique solution only where f(t,y) = (-t +

V2 +4y)/2and f,(t,y) = 1/4/t? + 4y are continuous. In this case the initial point (2, —1) lies
in the region ¢2 + 4y < 0, so df /3y is not continuous and hence the theorem is not applicable
and there is no contradiction.

(c) Fory = ct + c? follow the steps of part (a). If y = y,(¢) then we must have ct + ¢ = —%/4
for all ¢, which is not possible since c is a constant.

19. (a) ¢(r) = e* gives ¢'(t) = 2¢* so ¢’ —2¢ = 0. P(t) = ce* gives ¢'(t) = 2ce*, so ¢’ —
2 = 0.

(b) ¢(t) =t"'givesd'(t) = —t72s0¢" + ¢$*> = 0.¢(t) = ct~! gives ¢'(t) = —ct™2,50 ¢’ + $> #
Ounlessc=0orc=1.

20. The assumption is ¢/(t) + p(¢)@(t) = 0. But then c¢’(¢) + p(t)cp(t) = 0 as well.
21. (3,(0) + 320 + p()(Y1 (1) + y2(1)) = y1(O) + p(O)y1 (1) + y3(1) + p(£)y,(t) = 0 + g(1).
22. (a) Recalling Eq.(33) in Section 2.1,

-
u@®’
It is evident that y,(t) = 1/u(t) and y,(t) = (1/u(t)) -/;Z u(s)g(s)ds.

1 t
y=—is f u(s)g(s) ds +

(b) By definition, 1/u(t) = e=/P4 Hence y/ = —p(t)/u(t) = —p(t)y,. That is, y/+
p(y, =0.

(©) ¥, = (=p®)/u®) fy u(s)g(s)ds + u()g(t)/u(t) = —p(t)y, + g(t). This implies that y; +
p(t)y, = g(t).

23.(a) For n =0, we have y' + (p(t) — q(t))y = 0, which is linear. Thus Eq.(3) gives
Y(©) = e (1) = cem /PO=ADA since g(1) = 0.

(b) Letv = y'™", then dv/dt = (1 — n)y "dy/dt, so dy/dt = (1/(1 — n))y"dv/dt, for n = 1.
Substituting into the differential equation yields (1/(1 — n))y"dv/dt + p(t)y = q(t)y", or
v+ (1 —n)p(t)y'™ = (1 — n)q(t), which is v’ + (1 — n)p(t)v = (1 — n)q(t), which is a linear
differential equation for v.

24. Heren =2,s0v = y~!and dv/dt = —y~2dy/dt. Thus the differential equation becomes
—y~2dv/dt —ry = —ky? or dv/dt + rv = k. Hence u(t) = e" and v = (k/r) + ce™". Setting
v = 1/y then yields the solution.

25. Since n = 3, set v = y~2. It follows that v’ = —2y~3y’ and y’ = —(p3/2)v’. Substitution
into the differential equation yields —(y3/2)v’ — ey = —oy?, which further results in v’ +
2¢v = 20. The latter differential equation is linear, and can be written as (ve*')’ = 2ge*'. The
solution is given by v(t) = o /e + ce™*'. Converting back to the original dependent variable,
y =202 = +(0 /e + ce~%)71/2,

26. Since g(t) is continuous on the interval 0 < ¢t <1 and hence we solve the initial value
problem y/ + 2y, = 1, y,(0) = 0 on that interval to obtain y, = 1/2 — (1/2)e™*,0 < t < 1. For
1 < t, g(t) = 0; and hence we solve y), + 2y, = 0 to obtain y, = ce™, 1 < t. The solution y of
the original initial value problem must be continuous at t = 1 (since its derivative must exist)
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and hence we need c in y, so y, at 1 has the same value as y; at 1. Thus ce™> = 1/2 — e™2/2 or
¢ = (1/2)(e?* — 1) and we obtain

%—%e_”, 0<t<1
yi =11
z(e2 —1e ™, t>1
and
e 2, 0<t<l1
Y =

1—-e>e ™, t>1

Evaluating the two parts of y’ at t, = 1 we see that they are different, and hence y’ is not
continuous at £, = 1.

27. The solution of the initial value problem y, + 2y, = 0, y,(0) = 1is y,(t) = e~*. Therefore
y(17) =y,(1) = e72. On the interval (1, c0), the differential equation is y, + y, = 0, with
¥,(t) = ce™. Therefore y(1*) = y,(1) = ce~!. Equating the limits y(17) = y(1*), we require
that ¢ = e1. Hence the global solution of the initial value problem is

© = e, 0<t<1
W, 151

Note the discontinuity of the derivative

—2e72, 0<t<l1
yo=1 ., :
—e , t>1
2.5
1 a=1, b=2
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The equilibrium points are y* = —a/b and y* = 0, and y’ > 0 wheny > 0 or y < —a/b, and
¥y’ <0 when —a/b <y <0, therefore the equilibrium solution y = —a/b is asymptotically
stable and the equilibrium solution y = 0 is unstable.
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From the graph, ) <Owhen 1<y <2andy >0when0<y<1ory>2,so the equilib-
rium solutions y = 0 and y = 2 are unstable, the equilibrium solution y = 1 is asymptotically

stable.
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The only equilibrium point is y* = 0, and y’ > 0 when y > 0, y/ < 0 when y < 0, hence the
equilibrium solution y = 0 is unstable.
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The only equilibrium point is y* = 0, and y’ > 0 when y < 0, y/ < 0 when y > 0, hence the
equilibrium solution y = 0 is asymptotically stable.

B3P 5.(a) f(y) =0onlywhen y = 1. Therefore, y* = 1 is the only critical point.

(b) k=2

—1 o

(c) Separate variables to get dy/(1 —y)? = kdt. Integration yields 1/(1 —y) = kt + ¢, or
y = (kt +c—1)/(kt +c). Setting t = 0 and y(0) = y, yields yy = (c —1)/c or c =1/(1 — y,).
Hence y(t) = [yo + (1 — yo)kt]/[1 + (1 — yo)kt]. If y, < 1, then y > 1 as t - c0. If y, > 1, then
the denominator will go to zero at some finite time T = 1/(y, — 1). Therefore, the solution will
go towards infinity at that time T'.

B o

2.54
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The critical points are y = 0, +1. We have y’ > 0 for |y| > 1 while y’ < 0 for |y| < 1. Thus the
equilibrium solution y = —1 is asymptotically stable, y = 0 is semistable and y = 1 is unstable.

7.

The equilibrium points are y* =0,+1, and ' >0 for y< -1 or 0<y <1 and y’ <0 for
—1 <y <O0ory> 1. The equilibrium solution y = 0 is unstable, and the remaining two are
asymptotically stable.

8.

—10 4

—12 4

—14 -
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The equilibrium points are y* = 0,+2, and y’ <0 when y < -2 or y > 2, and y’ > 0 for
—2<y <0 or 0<y<2. The equilibrium solutions y = —2 and y = 2 are unstable and
asymptotically stable, respectively. The equilibrium solution y = 0 is semistable.

The equilibrium points are y* = 0, 1.y’ > 0 for all y except y = 0 and y = 1. Both equilibrium
solutions are semistable.

10. Eq.(10) is y/(1 — (y/K)) = Ce". Clearing the denominator gives y = Ce"'(1 — (y/K)) =
Ce™ — Ce™(y/K). Thus y + Ce"'(y/K) = Ce', or (1 + (C/K)e")y = Ce'. This last equation
may easily be solved for y to give y = Ce™ /(1 + (C/K)e™). Applying the initial condition
¥(0) = y, gives y, = C/(1 + (C/K)), which may be solved for C to give C = y,/(1 — (yy/K)) =
Ky,/(K — y,). Using this last value of C in the solution for y gives y(x) = (Kyye" /(K —
Yo))/( + (e /(K — y,)), which may be simplified to yield Eq.(11).

11. To solve Eq.(12) for ¢, multiply each side of the equation by (y,/K) + [1 — (yy/K)]e™" to
obtain y((yo/K) + [1 = (yo/K)le™™) = yo, or yo/y = (¥o/K) + [1 — (yo/K)]e™". Multiplying

each side of this equation by K gives (yoK)/y =y, + (K — yy)e™"", which may be solved for
e~ to find that

ot = YKy =30 _ O0/3) = Bo/K) _ 0o/K)L — G/K)]

K~y 1-(/K) /B = 3/K)]
as in the text. Taking logarithms and dividing by —r gives

1, O/Kl - G/K)]

ro (/B - (3/K)]

as given in Eq.(13).
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EP 12. To locate the time at which the solution given in Eq.(15) reaches its vertical asymp-

tote, determine when the denominator of the solution is zero. Solving y, + (T — yy)e™ =0
for e gives " = y,/(y, — T), where the fact that y, > T ensures that y,/(y, — T) > 0. Thus
the equation e" = y,/(y, — T) has a solution, which is t = (1/r)In(y,/(y, — T)) as given in
Eq.(16).

13. To find the inflection points of a solution y to the differential equation y’ = f(y),
first compute y” = f'(y)(dy/dt) = f'(y)f(y). Thus possible inflection points occur at solu-

tions to f'(y) = 0 or f(y) = 0. The function f(y) = —r(1 — (y/T))(1 — (y/K))y =0 at y =0,
y =T, and y = K, but Figure 2.5.7 shows that y” does not change sign at any of these
points, so they are not inflection points. To consider the points at which f’(y) = 0, note

that f(y) = (=r/(KT))y = T)(y — Ky, so f'(y) = (=r/KT)(( =Ky + @ -Ty+ @ -T)
(y —K)) = (=r/KT)(3y> — 2(K + T) + KT). Setting f'(y) = 0 and using the quadratic formula

gives that f’(y) =0wheny = (K + T + VK2 — KT + T2)/3 as given in Eq.(18).

14. If f'(y;) <O then the slope of f is negative at y; and thus f(y) >0 for y <y, and
f(¥) <0 for y >y, since f(y;) =0. Hence y; is an asymptotically stable critical point. A
similar argument will yield the result for f’(y,) > 0.

17. (a) Consider the change of variable u = In(y/K). Differentiating both sides with respect
to t,u’ = y’/y. Substitution into the Gompertz equation yields u’ = —ru, with solution u =
uge " It follows that In(y/K) = In(y,/K)e™". This implies that y /K = e"00/K)e™

(b) Given K = 80.5% 105, y,/K = 0.25 and r = 0.71 per year, y(2) = 57.58 X 10°.

(c) Solving for ¢,

1 [ e
r In(yo/K) |

Setting y(7) = 0.75K, the corresponding time is 7 ~ 2.21 years.

18. (a) The differential equation is dV /dt = k — azr?. The volume of a cone of height L
and radius r is given by V = 7r?L/3 where L = hr/a from symmetry. Solving for r yields the
desired equation dV /dt = k — an(3a/mh)*3V?/3,

(b) The equilibrium is given by the equation k = azr?, which yields r = v/k/am and then
L = h/k/an/a. By checking the graph of V' we obtain that this is an asymptotically stable
equilibrium point.

(c) The equilibrium height must be less than h, or \ k/an/a < 1.

19. (a) If E <r, then the equilibrium points are given by 0 =r(1 —y/K)y —Ey = y(r —
ry/K — E), which means that eithery =0ory = (r — E)K/r = (1 — E/r)K > 0.

(b) f'(y)=r—E-2ry/K, so f'(0)=r—E >0 and is an unstable equilibrium, while
f/(A—E/r)K)=E—r <0and (1 — E/r)K is an asymptotically stable equilibrium.

(¢) Y=EQ—-E/r)X.
(d) Wehavetosolve 0 =dY/dE =K —2EK/rtogetE =r/2,and thenY,, = rK/4.

20. (a) Setting dy/dt = 0 the quadratic formula yields the roots

r++\r2—4rh/K K 1 1 4h
- — = — + —_—— ,
2 2r/K 2"V K

which are real when h < rK /4. (y; < y, because of the minus sign in front of the square root.)

(b) The graph of the right side of the differential equation is a downward opening parabola,
which implies that y; is unstable and y, is asymptotically stable. We can also use the derivative
test of Problem 14.
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(c) The graph of f(y) is a downward opening parabola intersecting the horizontal axis at y;
and y,, so we know that between y; and y, the value of y' = f(y) is positive, which implies
thatify, <y, < y,, then the solution is increasing towards y,, and when y, < y,, the solution
is decreasing towards y, (because y’ = f(y) is negative there). Also, when y, < y;, theny’ <0,
so the solution will decrease and reach 0 in finite time.

(d) If h > rK /4 there are no critical points (see part (a)) and dy/dt < 0 for all ¢.

(e) We can see from part (a) that when h = rK /4, then y, = y,. The graph of f(y) intersects
the horizontal axis at a single point of tangency in this case, and y’ = f(y) is negative for any
other y value, giving the semistability result.

21. (a) The equilibrium points are at y* = 0 and y* = 1. Since f'(y) = a — 2ay, the equilib-
rium solution y = 0 is unstable and the equilibrium solution y = 1 is asymptotically stable.

(b) The differential equation is separable, with [y(1 — y)]_1 dy = adt. Integrating both sides
and invoking the initial condition, the solution is

Yo e ¥
() = = °C
1-yo+ye Yo+ (1 = yglest

It is evident that (independent of y,) lim, _, _, y(¢t) = 0 and lim, _, ,, y(t) = 1.
22.(a) y(t) = y e Pl

(b) From part(a),dx/dt = —axy,e . Separating variables, dx/x = —ay,eP!dt. Integrating
both sides, the solution is x(t) = x, e=*¥1=¢")/8,

(¢) Ast — oo, y(t) = 0 and x(t) — x,e~*%/P. Over a long period of time, the proportion of
carriers vanishes. Therefore the proportion of the population that escapes the epidemic is the
proportion of susceptibles left at that time, x, e~*%/#,

23. (a) Differentiating with respect to ¢, we obtain that the derivative is z’ = (nx’ — xn’)/n? =
(—Bnx — unx + vpx* + unx)/n® = —Bx/n + vpx*/n* = —Bz + vpz* = —Bz(1 — vz).

(b) First, we rewrite the equation as z’ + 8z = fvz?. This is a Bernoulli equation with n = 2.
Let w = z!=" = z71. Then, our equation can be written as w’ — fw = —fv. This is a linear
equation with solution w = v + cef’. Then, using the fact that z = 1/w, we see thatz = 1/(v +
cef!). Finally, the initial condition z(0) = 1 implies ¢ = 1 — v. Therefore, z(t) = 1/(v + (1 —
v)efh).

(¢) Evaluating z(20) for v = § = 1/8, we conclude that z(20) = 0.0927.

24. (a) The critical points occur when a — y?> = 0.If a < 0, there are no critical points. Ifa = 0,
then y* = 0 is the only critical point. If a > 0, then y* = ++/a are the two critical points.

(b) We note that f’(y) = —2y. Therefore, f’ (\/E) < 0which implies that \/E is asymptotically
stable; f’ (—\/E) > 0 which implies —/a is unstable; the behavior of f" around y* = 0 implies
that y* = 0 is semistable.

(c) Below, we graph solutions in the case a = —1, a = 0 and a = 1 respectively.

T EE” s
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(b) Below, we graph solutions in the case a = —1, a = 0 and a = 1 respectively.
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26.(a) f(y)=y(a—y); f'(y)=a—2y.Fora <0, the critical pointsareaty = aandy = 0.
Observe that f/(a) > 0and f’(0) < 0. Hence y = aisunstable and y = 0 asymptotically stable.
For a = 0, the only critical point is at y = 0, which is semistable since f(y) = —y? is concave
down. For a > 0, the critical pointsareat y = 0and y = a. Observe that f/(0) > 0and f'(a) <
0. Hence y = 0is unstable and y = a asymptotically stable.

(b) Below, we graph solutions in the case a = —1, a = 0 and a = 1 respectively.
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EP 27. (a) Since the critical points are x* = p, q, we will look at their stability. Since f’(x) =

—aq — ap + 2ax?, we see that f'(p) = a(2p* —q - p) and f'(q) = a(2q* — ¢ — p). Now if
p > q,then —p < —g, and, therefore, f'(q) = a(2q> — q — p) < a(2q> — 2q) = 2aq(q—1) < 0
since 0 < g < 1. Therefore, if p > g, f'(q) < 0, and, therefore, x* = q is asymptotically stable.
Similarly, if p < g, then x* = p is asymptotically stable, and therefore, we can conclude that
x(t)— min{p, q} as t - oo.

The equation is separable. It can be solved by using partial fractions as follows. We can
rewrite the equation as

1/(q—p) N 1/(p—q)
p—x q—x

)dx = adt,

which implies

p_

In X
q—x

=(p—quat+C.

The initial condition x, = 0 implies C = In|p/q|, and, therefore,

q(p —x)

p(g—x)
Applying the exponential function and simplifying, we conclude that

In =(p —q)at.

PaEr % 1) _ pg(enoP — 1)
pelP—Dat — g - ge*@-pt — p ’

x(t) =

(b) In this case, x* = p is the only critical point. Since f(x) = a(p — x)? is concave up, we
conclude that x* = p is semistable. Further, if x, = 0, we can conclude that x —» p as t — co.
This equation is separable. Its solution is given by x(¢) = p?at/(pat + 1).

2.6

1. M(x,y)=2x+3 and N(x,y)=2y—2. Since M, =N, =0, the equation is exact.
Integrating M with respect to x, while holding y constant, yields ¥(x,y) = x2 + 3x + h(y).
Now %, = h'(y), and equating with N results in the possible function h(y) = y* — 2y. Hence
P(x,y) = x? + 3x + y? — 2y, and the solution is defined implicitly as x* + 3x + y> — 2y =c.
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2. M(x,y) =2x +4y and N(x,y) = 2x — 2y. Note that M, # N, and hence the differential
equation is not exact.

3. Here M(x,y) =3x*—2xy+2 and N(x,y) = 6y*> — x* + 3. Since M, = —2x = N,, the
equation is exact. Since ¢, = M = 3x* — 2xy + 2, to solve for 1, we integrate M with respect
to x. We conclude that ¢ = x* — x%y + 2x + h(y). Then ¢, = —x* + h'(y) = N = 6y* — x* +
3 implies h'(y) = 6y? + 3. Therefore, h(y) = 2y* + 3y and P(x,y) = x> — x2y + 2x + 2% +
3y =c.

4. Here M(x,y) = ax + by and N(x,y) = bx + cy. Since M, = b = N,, the equation is exact.
Since ¢, = M = ax + by, to solve for 3, we integrate M with respect to x. We conclude that
¥ = ax?/2+ bxy + h(y). Theny, = bx + h'(y) = N = bx + cy implies #’(y) = cy. Therefore,
h(y) = cy?/2 and ¥(x,y) = ax? + 2bxy + cy*> = k.

5. Write the equation as (ax — by)dx + (bx —cy)dy =0. Now M(x,y) =ax —by and
N(x,y) = bx — cy. Since M, # N,, the differential equation is not exact.

6. Here M(x,y) = ye* cos(2x) — 2¢* sin(2x) + 2x and N(x,y) = xe* cos(2x) — 3. Since
M, = e cos(2x) + xye*” cos(2x) — 2xe*” sin(2x) = N,, the equation is exact. If we try to find
P (x,y) by integrating M(x,y) with respect to x we must integrate by parts. Instead we find
P(x,y) by integrating N(x,y) with respect to y to obtain ¥(x,y) = e cos(2x) — 3y + g(x).
Then we find g(x) by differentiating ¥ (x, y) with respect to x and setting it equal to M(x, y),
resulting in g’(x) = 2x or g(x) = x2. As before, the implicit solution is $(x, y) = e cos(2x) +
x*-3y=c.

7. M(x,y) =y/x+6x and N(x,y) =In x — 2. Since M, = N, = 1/x, the given equation
is exact. Integrating N with respect to y, while holding x constant, results in (x,y) =
¥ In x — 2y + h(x). Differentiating with respect to x, ¥, = y/x + h'(x). Setting ¢, = M, we
find that h/(x) = 6x, and hence h(x) = 3x2. Therefore the solution is defined implicitly as
3x2+ylnx—-2y=c

8. Here M(x,y) = x/(x? + y?)*/? and N(x,y) = y/(x* + y*)*/2. Since M, = N,, the equation
is exact. Since ¢, = M = x/(x* + y*)*/2, to solve for i, we integrate M with respect to x. We
conclude that = —=1/(x> + y*)/? + h(y). Then 9, = y/(x* + )2 + W'(y) =N = y /(x> +
¥2)*/% implies h'(y) = 0. Therefore, h(y) = 0Oand (x,y) = —1/(x*> + y)/> =corx®> + y>* = k.
We can observe that as long as x? + y? # 0, we can simplify the equation by multiplying both
sides by (x? + 2)*2. This gives the (simpler) exact equation xdx + ydy = 0, whose solution
is the same as the above.

9. M(x,y)=2x—y and N(x,y) =2y —x. Since M, = N, = —1, the equation is exact.
Integrating M with respect to x, while holding y constant, yields ¥(x,y) = x* — xy + h(y).
Now ¥, = —x + h’(y). Equating ¥, with N results in h’(y) = 2y, and hence h(y) = y%. Thus
P(x,y) = x2 — xy + ¥, and the solution is given implicitly as x> — xy + y? = c. Invoking the
initial condition y(1) = 3, the specific solution is x? — xy + y* = 7. The explicit form of the
solution is y(x) = (x + /28 — 3x2)/2. Hence the solution is valid as long as 3x? < 28.

10. Here M(x,y)=9x*+y—1 and N(x,y) = —4y + x. Therefore, M, = N, =1 which
implies that the equation is exact. Integrating M with respect to x, we conclude that 3 =
3x* 4+ xy —x + h(y). Then ¢, = x + h'(y) = N = —4y + x implies h'(y) = —4y. Therefore,
h(y) = —2y? and we get ¢ = 3x> + xy — x — 2y? = c. The initial condition y(1) = 0 implies
¢ = 2. Therefore, 3x* + xy — x — 2y* = 2. Solving for y using the quadratic formula, we gety =
[x — (24x® 4+ x> — 8x — 16)'/2] /4. Using a numerical process the square root term is positive
for x > 0.9846.

11. Here M(x,y) = xy* + bx*y and N(x,y) = x* + x?y. Therefore, M, = 2xy + bx* and
N, = 3x? + 2xy. In order for the equation to be exact, we need b = 3. Taking this value
for b, we integrating M with respect to x. We conclude that ¢ = x2y?/2 + x3y + h(y). Then
¥, = x’y + x>+ h'(y) = N = x> + x?y implies h'(y) = 0. Therefore, h(y) = ¢ and ¥(x,y) =
x%y%/2 + x3y = c. That is, the solution is given implicitly as x?y? + 2x3y = k.

12. M(x,y) = ye*¥ + x and N(x,y) = bxe*”. Note that M, = e*¥ 4 2xye*?, and N, =
be*Y + 2bxy e*. The given equation is exact, as long as b = 1. Integrating N with respect
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to y, while holding x constant, results in (x,y) = e**V /2 + h(x). Now differentiating with
respect to x, ¥, = ye*¥ + h'(x). Setting 1, = M, we find that h’(x) = x, and hence h(x) =
x?/2. We conclude that $(x,y) = e /2 + x>/2. Hence the solution is given implicitly as
PV +x? =c.

13. Note that ¢ is of the form ¢(x,y) = f(x) + g(»), since each of the integrands is a function
of a single variable. It follows that ¢, = f’(x) and ¢, = g’(y). That is, ¢, = M(x,y,) and ¥, =
N(xy,y). Furthermore,

52¢ 2

oM 0y oON
m(x()ayo) = W(xmyo) and m(xo’}b) = a(xo,YO),

based on the hypothesis and the fact that the point (x,,y,) is arbitrary, ¥, =, and
My(an’) = Nx(x7y)'

14. Observe that (M(x)), = (N(3))x = 0.

15. Here M(x,y) = x*y*and N(x,y) = x + xy*. Therefore, M, = 3x*y? and N, = 1+ y*. We
see that the equation is not exact. Now, multiplying the equation by u(x,y) = 1/xy?, the equa-
tion becomes xdx + (1 + y?)/y3dy = 0. Now we see that for this equation M = x and N =
(1 + y*)/y*. Therefore, M, = 0 = N,. Integrating M with respect to x, we see that ) = x*/2 +
h(y). Further, ¢, = h'(y) = N = (1 + y*)/y* = 1/y* + 1/y. Therefore, h(y) = —1/2y* +Iny
and we conclude that the solution of the equation is given implicitly by x> — 1/y?> + 2Iny = ¢
andy = 0.

16. We see that M, = (x +2)cosy while N, = cosy. Therefore, M, # N,. However, mul-
tiplying the equation by the given integrating factor w(x,y) = xe*, this becomes (x? +
2x)e* sin ydx + x*e* cos ydy = 0. Now we see that for this equation M, = (x* + 2x)e* cosy =
N.,. To solve this exact equation it is easiest to integrate (the new) N with respect to y to get
P(x,y) = x2e*siny + g(x). Finding ¥, and setting it equal to (the new) M yields g’(x) = 0,
which implies that the solution of the equation is given implicitly by x2e* siny = c.

17. Suppose u is an integrating factor which will make the equation exact. Then multiplying
the equation by u, we have uMdx + uNdy = 0. Then we need (uM), = (uN),. That is, we
need uyM + uM, = u, N + uN,. Then we rewrite the equation as u(N, — M,) = u,M — . N.
Suppose u does not depend on x. Then u, = 0. Therefore, u(N, — M,) = u,M. Using the
assumption that (N, —M,)/M = Q(y), we can find an integrating factor u by choosing u
which satisfies w, /1 = Q. We conclude that u(y) = exp /' Q(y) dy is an integrating factor of
the differential equation.

18. Since (M, — N,)/N = 3isa function of x only, we know that = e** is an integrating fac-
tor for this equation. Multiplying the equation by u, we obtain the equation e3*(3x%y + 2xy +
y¥dx + e¥(x* + y*)dy = 0. Then M, = e**(3x? + 2x + 3y*) = N,.. Therefore, this new equa-
tion is exact. Integrating M with respect to x, we conclude that 3 = (x2y + y3/3)e* + h(y).
Then ¥, = (x* + y?)e* + W'(y) = N = **(x* + y?). Therefore, h’(y) = 0 and we conclude
that the solution is given implicitly by (3x%y + y*)e® = c.

19. Since (M, —N,)/N = -1 is a function of x only, we know that u = e~ is an inte-
grating factor for this equation. Multiplying the equation by u, we obtain the equation
(¥ —e* —ye ™ )dx + e *dy = 0. Then M, = —e™* = N,.. Therefore, this new equation is
exact. Integrating M with respect to x, we conclude that ) = —e™ —e* + ye™ + h(y). Then
Py, =e™* + h'(y) = N = e™™. Therefore, h’(y) = 0 and we conclude that the solution is given
implicitly by —e™ — e* + ye™ = c. Alternatively, we might recognize that y’ —y = e?* — 1 is
a linear first order equation which can be solved as in Section 2.1.

20. Since (N, —M,)/M =1/y is a function of y only, we know by Problem 17 that u(y) =
e/1/y4 = y is an integrating factor for this equation. Multiplying the equation by u, we obtain
ydx + (x — ysiny)dy = 0. Then for this equation, M, = 1 = N,.. Therefore, this new equa-
tion is exact. Integrating M with respect to x, we conclude that 1 = xy + h(y). Then ¢, =
X+ 1 (y) = N = x — ysiny. Therefore, h’'(y) = —y sin y which implies that h(y) = —siny +
ycosy, and we conclude that the solution is given implicitly by xy —siny + ycosy = c.

Solutions Manual for Elementary Differential Equations 12th Boyce


https://textbooktestbanks.com/products/9781119777755-solutions

2.7

21. The equation is not exact, since N, — M,, = 2y — 1. However, (N, — M,)/M = (2y —1)/y
is a function of y alone. Hence there exists u = u(y), which is a solution of the differential
equation i’ = (2 — 1/y)u. The latter equation is separable, with du/u = 2 — 1/y. One solution
is u(y) = e®7"Y = ¢» /y. Now rewrite the given ODE as e?dx + (2x e — 1/y)dy = 0. This
equation is exact, and it is easy to see that ¥(x,y) = x e? — In |y|. Therefore the solution of
the given equation is defined implicitly by x e —In|y| = c.

22. Multiplying both sides of the ODE by u = [xy(2x + y)]_l, the given equation is
equivalent to [(3x +y)/(2x% + xy)| dx + [(x + y)/(2xy + y*)] dy = 0. Rewrite the differen-
tial equation as

|24 52—+ | 5+

z dy = 0.
X 2x+y y 2x+y]y

Itis easy to see that M, = N,. Integrating M with respect to x, while keeping y constant, results
in(x,y) =2In|x| +In|2x + y| + h(y) . Now taking the partial derivative with respect to y,
¥y = (2x+y)"' + h'(y). Setting ¢, = N, we find that h’(y) = 1/y, and hence h(y) = In |y|.
Therefore (x,y) = 2In |x| + In|2x + y| + In |y|, and the solution of the given equation is
defined implicitly by 2x3y + x%y? = c.

2.7

1. The Euler formulaisy,,, =y, + h(3+t, —y,) =1 —h)y, + h(3+t,).
(@) 1.2,1.39,1.571, 1.7439

(b) 1.1975,1.38549, 1.56491, 1.73658

(c¢) 1.19631, 1.38335, 1.56200, 1.73308

(d) The differential equation is linear with solution y(t) = 2 + t — e™'. The values are 1.19516,
1.38127, 1.55918, 1.72968.

2. The Euler formula is given by y,,,, = ¥, + h(2y, — 1) = (1 + 2h)y,, — h.
(a) 1.1, 1.22, 1.364, 1.5368

(b) 1.105, 1.23205, 1.38578, 1.57179

(c) 1.10775, 1.23873, 1.39793, 1.59144

(d) The differential equation is linear with solution y(t) = (1 + e*)/2. The values are
1.1107, 1.24591, 1.41106, 1.61277.

3. The Euler formulaisy,,; =y, + h(0.5—t, + 2y,) = (1 + 2h)y, + h(0.5 — t,,).
(a) 1.25, 1.54, 1.878, 2.2736

(b) 1.26, 1.5641, 1.92156, 2.34359

(c) 1.26551, 1.57746, 1.94586, 2.38287

(d) The differential equation is linear with solution y(t) = 0.5t +e%. The values are
1.2714, 1.59182, 1.97212, 2.42554.

4. The Euler formula is y, ., =y, + h(3cos(t,) — 2y,) = (1 — 2h)y,, + 3hcos(t,).
(a) 0.3,0.538501, 0.724821, 0.866458

(b) 0.284813,0.513339, 0.693451, 0.831571

(c) 0.277920, 0.501813, 0.678949, 0.815302

(d) The differential equation is linear with solution y(t) = (6 cos(t) + 3 sin(t) — 6e~%)/5. The
values are 0.271428, 0.490897, 0.665142, 0.799729.
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2.

9. The Euler formula is y,,; = ¥, — 3h4/y,, + 5h. The initial value is y,

(a) 2.30800, 2.49006, 2.60023, 2.66773, 2.70939, 2.73521

All solutions seem to diverge.
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(b) 2.30167,2.48263, 2.59352, 2.66227, 2.70519, 2.73209

(c) 2.29864,2.47903, 2.59024, 2.65958, 2.70310, 2.73053

(d) 2.29686, 2.47691, 2.58830, 2.65798, 2.70185, 2.72959

10. The Euler formula is y,.; = (1 + 3h)y, — ht,y2. The initial value is (¢,, ;) = (0,0.5).
(a) 1.70308, 3.06605, 2.44030, 1.77204, 1.37348, 1.11925

(b) 1.79548, 3.06051, 2.43292, 1.77807, 1.37795, 1.12191

(c) 1.84579,3.05769, 2.42905, 1.78074, 1.38017, 1.12328

(d) 1.87734,3.05607, 2.42672,1.78224, 1.38150, 1.12411

11. The Euler formula is y,,; = y, + h3t2/(3y2 — 4) with initial value (¢, y,) = (1, 0).
(a) —0.166134, —0.410872, —0.804660, 4.15867

(b) —0.174652, —0.434238, —0.889140, —3.09810

(¢) There are two factors that explain the large differences. From the differential equation, the
slope of y, y’, becomes very large for values of y near —1.155. Also, the slope changessignaty =
—1.155. Thus for part (a), y(1.7) = y, = —1.178, which is close to —1.155 and the slope y’ here
is large and positive, creating the large change in yg = y(1.8). For part (b), y(1.65) = —1.125,
resulting in a large negative slope, which yields y(1.7) = —3.133. The slope at this point is now
positive and the remainder of the solutions grow to —3.098 for the approximation to y(1.8).

12. The Euler formula is y,,; = y, + h(t2 + y2) with (¢, y,) = (0, 1). For the four step sizes
given, the approximate values for y(0.8) are 3.5078, 4.2013, 4.8004 and 5.3428. Thus, since these

changes are still rather large, it is hard to give an estimate other than y(0.8) is at least 5.3428.

By using i = 0.005, 0.0025 and 0.001, we find further approximate values of y(0.8) to be 5.576,
5.707 and 5.790. Thus a better estimate now is for y(0.8) to be between 5.8 and 6. No reliable
estimate is obtainable for y(1), which is consistent with the direction field of Problem 8.

13. (a) See the direction field in Problem 7 above.

(b) The Euler formula is y,,; = y, + h(—t,y, + 0.1y3). For y, < 2.37, the solutions seem to
converge, while the solutions seem to diverge if y, > 2.38. We conclude that 2.37 < «, < 2.38.
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(b) The iteration formula is y,,; = ¥, + hy? — ht2. The critical value «, appears to be
between 0.67 and 0.68. For y, > «,, the iterations diverge.

15. (a) The ODE is linear, with general solution y(t) = t + ce’. Invoking the specified initial
condition, y(t,) = y,, we have y, = t, + ce'o. Hence ¢ = (y, — t)e~". Thus the solution is given
by ¢(t) = (yo — to)e' ™ + ¢.

(b) The Euler formulais y,,; =1+ h)y, + h—ht,.Nowset k =n + 1.

(¢) We have y;, = (A +h)y,+h —hty = (1 + h)y, + (t; — t,) — ht,. Rearranging the terms,
y1 =1+ h)(y, — to) + t;. Now suppose that y, = (1 + h)*(y, — t,) + t;, for some k > 1. Then
Yis1 = (1 + h)yy + h — ht. Substituting for y,, we find that

Yirr = A+ W) (g = o) + (L + )t + h = hty = (1 + h) (yy — to) + £y + h.
Noting that ¢, = t; + h, the result is verified.
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(d) Substituting h = (t — ty)/n, with t, = ¢, y, = Q1 + (t — ty)/n)"(yy — ty) + t. Taking the
limit of both sides, and using the fact that lim, _, (1 + a/n)" = e, pointwise convergence is
proved.

16. The exact solution is y(t) = e'. The Euler formula is y,,; = (1 + h)y,. It is easy to see
that y, = (1 +h)"y, = (1 + h)". Given t > 0, set h = t/n. Taking the limit, we find that
lirnn—»oo Yn = limn—wo(l + t/n)n =e.

17. Using Eq.(8) we have y,,; =y, + h(2y, — 1) = (1 + 2h)y, — h. Setting n + 1 = k (and
hence n = k — 1) this becomes y, = (1 + 2h)y,_; — h, for k = 1,2,.... Since y, = 1, we have
yi=14+2h—h=1+h=(1+2h)/2+1/2,and hence y, = (1 +2h)y; —h = (1 +2h)*/2 +
(1+2h)/2—h = (1+2h)*/2+ 1/2. Furthermore, y; = (1 +2h)y, —h = (1+2h)*/2+ (1 +
2h)/2 —h = (1 + 2h)*/2 + 1/2. Continuing in this fashion (or using induction) we obtain
¥ = (1 +2h)¥/2 4+ 1/2. For fixed t > 0 choose h = t/k. Then substitute for 4 in the last for-
mula to obtain y, = (1 + 2t/k)*/2 + 1/2. Letting k — co we find (see hint for Problem 15(d))
that y(¢) = lim,_, o, ¥, = €% /2 + 1/2, which is the exact solution.

2.8

1. Let s=t—1 and w(s) = y(t(s)) — 2, then when t =1 and y =2 we have s =0 and
w(0) = 0. Also, dw/ds = (dw/dt)(dt/ds) = (d/dt)(y — 2)(dt/ds) = dy/dt (since t =s+ 1)
and hence dw/ds = (s+1)*>+ (w+2)?, upon substitution into the given differential
equation.

2. Let z=y—-3 and t=t+1. It follows that dz/dr=(dz/dt)(dt/dr)=dz/dt.
Furthermore, dz/dt =dy/dt =1-y3 Hence dz/dtr =1-(z+3)’. The new initial
condition is z(0) = 0.

3. (a) The approximating functions are defined recursively by

() = f 2[¢,(s) + 1] ds.
0

Setting ¢o(t) = 0, ¢,(t) = 2t. Continuing, ¢,(t) = 2t + 2t, ¢;(t) = 4t3/3 + 212 + 2t, ¢p4(t) =
2t4/3 + 413 /3 +21% + 2t, ... Based upon these we conjecture that ¢,(t) = ¥,,_, 2¢¢¥/k! and
use mathematical induction to verify this form for ¢,,(¢). First, let n = 1, then ¢,(t) = 2t, so it
is certainly true for n = 1. Then, using Eq.(7) again we have

t t n 2k n+1 Zk
¢n+1<t>=f0 z[<7>n(s>+1]ds=f0 2[;1#‘“ ds =2 gt

and we have verified our conjecture.

(b)

(c) Recall from calculus that e® =1 + 21;“;1 akt* /k!. Thus

LOEDY (k= e -1,
k=1 """

=
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(d) o

From the plot it appears that ¢, is a good estimate for |¢| < 1/2.

4. (a) The approximating functions are defined recursively by

Gpa (1) = f [—¢,.(s)/2 + 5] ds.
0

Setting ¢o(t) = 0, ¢,(¢) = t?/2. Continuing, ¢,(¢) = t2/2—13/12, ¢5(t) =t2/2—t3/12 +
t4/96, ¢ (t) = 12/2 — t3/12 4+ t* /96 — 17 /960, .... Based upon these we conjecture that ¢,,(t) =
ZZ=1 4(=1/2)k+1¢%+1 /(k + 1)! and use mathematical induction to verify this form for ¢,,(t).

(b)

(c) Recall from calculus that e =1+ Y a*t*/k!. Thus

0 (_1/2)k+1 p
P(t) =D 4——— K = 47!/ 4 21 — 4,
=R TS Y

(d)

o

-2 -1 o 1
z

From the plot it appears that ¢, is a good estimate for |¢| < 2.

EP 5. (a) The approximating functions are defined recursively by

$ua(0) = f (56, (s) + 1] ds.
0

Setting ¢o(t) =0, ¢,(t) =t. Continuing, ¢,(t) =t+1t3/3, ¢;(t) =t +t3/3+1°/(3-5),
)=t +t3/3+65/(3-5)+1t"/(3-5-7), .... Based upon these we conjecture that
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() = Zzzl t*=1/(1-3-5---(2k —1)) and use mathematical induction to verify this
form for ¢,(t). First, let n = 1, then ¢,(¢t) = ¢, so it is certainly true for n = 1. Then, using
Eq.(7) again we have

t tn §2k=1 ntl (2k=1
b= [+ 118 = [ 1B sy el =3
and we have verified our conjecture.
(b) 59

(c) Using the identity ¢,(t) = ¢1(t) + [¢2(1) — $1(D] + [$3(6) — $o(O] + ... + [, () —
¢,_1(t)], consider the series ¢,(¢) + Z;:;l[cﬁkﬂ(t) — ¢ (8)]. Fix any t value now. We use the
Ratio Test to prove the convergence of this series:

12k+1
G = $ O] |13-@en | t]?
i (8) = 1 (1) et 2k+17
13--(2k—1)

The limit of this quantity is 0 for any fixed ¢ as k — oo, and we obtain that ¢, (¢) is convergent
for any .

6. (a) The approximating functions are defined recursively by

Bran(D) = f [6(5) — 5] ds.
0

Set ¢o(t) = 0. The iterates are given by ¢, (t) = —t2/2, ¢,(t) = —t2/2 — 2 /10, ¢5(¢) = —t?/2 —
£°/10 — t8/80, ¢,(t) = —t2/2 —1>/10 —t3/80 — t'1 /880, .... Upon inspection, it becomes
apparent that

_ 1 8 to (G
Pl =—L |3+ g+t 2-5-8...[2+3(n—1)]]
. n (t3)k_1
- téz's-s...[2+3(k—1)]'
(b)
SN |
A —_— 0 .

-10 -
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(c) Using the identity ¢,(t) = ¢,(t) + [¢2() — $1(D] + [#3(1) — (D] + ... + [$n(0) —
¢,—1(t)], consider the series ¢,(t) + Z;:o:l[qﬁkﬂ(t) — ¢ (8)]. Fix any ¢ value now. We use the
Ratio Test to prove the convergence of this series:

(—12)(1*)*

253 | |t
@R | T 24 3k"
2.5--(2+3(k—1))

Gie1 () — i (2)
(@) — 1 (0)

The limit of this quantity is 0 for any fixed ¢ as k — oo, and we obtain that ¢,,(t) is convergent
for any ¢.

7. (a) The approximating functions are defined recursively by

Bran(D) = f [ + 62(5)] ds.
0

Set ¢o(t) = 0. The first three iterates are given by ¢,(¢) = £3/3, $,(t) = 3/3 + 17 /63, ¢5(t) =
3/3+17/63 + 2111 /2079 + t1°/59535.

(b)

The iterates appear to be converging.

8. (a) The approximating functions are defined recursively by

bran() = f [1— 63(s)] ds.
0

Set ¢(t) = 0. The first three iterates are given by ¢, (t) = t, $,(t) = t — t*/4, p;(t) =t — t* /4 +
3t7/28 — 3t1°/160 + '3 /832.

(b)

The approximations appear to be diverging.

9. (a) First, recall that sinx =x—x3/3!+x°/5!+0(x7). Now, for this problem,
¢1(t) = fy[1—singy(s)]ds =t and we obtain that ¢,(t) = f5[1—sins]ds= f[1—-
(s—s3/30+5°/5! +O(s")]ds =t — 22! + t* /41 —t°/6! + O(t®). For ¢; we need to
find sin(¢,(t)), which is given by sin(¢,(1)) = $,(t) —$3(1)/3! + 5(1)/5! + O(t7) =
(t—t2/20+t4 /4 — 18 /6)) — (¢t — t2/21)3 /31 + t3/5! + O(t7), where we have retained only
the terms less than O(t”). Now use this in ¢5(t) = fot[l — sin(¢,(s))] ds, which gives the
desired answer up to O(t®).
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(b) .

-
<
N

10. (a) The approximating functions are defined recursively by

%mo=[
0

Note that 1/(2y —2) = —(1/2) ZZZO y¥ 4+ 0(y"). For computational purposes, use the geomet-
ric series sum to replace the above iteration formula by

32 +4s+2
2(¢p(s) = 1)

S.

t 6
%H®=—§f{@f+%+®2¢mﬁm.
0 k=0

Set ¢y(t) = 0. The first four approximations are given by ¢,(t) = —t — 1> — t3/2, ¢,(t) =
—t—t22+3/6+14/4—13)5—1%/24 + ..., P5(t) = —t —t2/2 +t*/12 — 3t5/20 + 415 /45 +
v () = —t —t2/24+ 4 /8 — T3 /60 + 15 /15 + ...

(b)

0.5 4

—2.54

The approximations appear to be converging to the exact solution, which can be found by

separating the variables: ¢(t) = 1 — /1 + 2t + 212 + ¢3.

P 11. Note that ¢,(0) =0 and ¢,(1) =1, for every n > 1. Let a € (0,1). Then ¢,(a) = a”.
Clearly, lim,, _, ., @™ = 0. Hence the assertion is true.

12. (a) ¢,(0) =0, for every n > 1. Let a € (0,1]. Then ¢,(a) = 2na ena’ = 2na/e"a2. Using
I'Hospital’s rule, lim,_, ., 2az/e%" = lim,_ ., 1/ze% = 0. Hence lim,,_, ., ¢,(a) = 0.

1
(b) fol 2nxe ™ dx = —e b= 1- e~". Therefore,

1 1
lim / ¢, (x)dx # / lim ¢,(x)dx.
n— oo 0 0 n— oo

EP 13. (a) Recall that Eq.(9) states that ¢(t) = fot 2s[1 + ¢(s)] ds. Since ¢(t) = Zzo:l % [k,

& s2k °° s2k+1
25[1 + ¢(s)] = Zskz_loﬁ = zkz_% 0
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Integrating term-by-term,

t t o0 S2k+1 [ 1 t -
— — +
/ 2s[1+¢(s)]ds—/ 22 o ds—ZZH s ds
0 0 k=0 k=0 0

& 1 t2k+2 © t2(k+l) o tZk
D i ey i Ml

0 k=1

and ¢(t) is a solution of Eq.(9).

(b) Recall that the initial value problem in Eq.(8) is y’ = 2t(1 + y),¥(0) = 0. Letting y =
() =3, _, /K,

= 2kl ® - 2k-1 ©  2k-2
y, = /( ) - =2 =2t
o K kz=:1 (k=1)! kZ::l (k=1
e tZk o t2k
=2tkz 7 =2t 1+kZ —'] = 2t[1 + ¢(t)]
=0 =1

and y(0) = ¢(0) = Z:;l 0 =0, so y = ¢(t) satisfies the initial value problem y’ = 2t(1 + y),
¥(0) = 0.

o tk
. ¢ r
(c) Sincee' = Z 0
k=0
e 12k & 12k e (tZ)k 2
¢(t)= F:_I—I—ZF:_I-{—Z ! =—1+e
k=1 k=0 k=0

(d) Separating the variables gives (1/(1 + y))dy = 2t dt, and integration yields In |1 + y| =
t2 + c. Applying the initial condition, In1 =0+ ¢, so ¢ =0 and In |1 + y| = ¢2. Solving for y
first gives |1 + y| = e, 501 4+ y = +e'". In order for y(0) = 0 to be true, we choose 1 + y = e*’,
and thusy = —1 + e,

(e) Consider the first-order linear equation y’ — 2ty = 0. The integrating factor will be u(t) =
e/=2tdt — ¢=t* Since multiplying the differential equation by u(t) yields

d

T (e“zy) =2te"

—2

we have e’y = [ 2te™" dt = —e™" + c. The initial condition y(0) = 0 may now be applied to
showthatc =1,andy = e’ (—e™" +1) = —1 + ¢’

14. Let ¢ be fixed, such that (¢, y,), (t,y,) € D. Without loss of generality, assume that y; < y,.
Since f is differentiable with respect to y, the mean value theorem asserts that there exists £ €

(y1,¥2) such that f(t,y1) = f(t,y2) = f,, (£, §)(¥1 — ¥,). This means that |f(t,y,) — f(£,¥,)| =
’fy(t, §)| |[y1 — 2. Since, by assumption, 3 f /dy is continuous in D, f, attains a maximum K
on any closed and bounded subset of D. Hence |f(¢,y1) — f(£,¥2)] £ K |y1 — ¥l

15. For a sufficiently small interval of ¢, ¢,_,(t), ¢$,(t) € D. Since f satisfies a Lipschitz
condition, | f(¢, $,()) — f (£, $p_1(D))| < K |$(t) — $,—1(¢)|. Here K = max }fy|.

16.(a) $,(t) = f; f(s,0)ds. Hence |¢y(0)] < /i |f(5,0)|ds < f;" Mds = M |¢], in which M
is the maximum value of | (¢, )| on D.

(b) By definition, ¢,(t) — ¢,(t) = fot [f(s,¢1(s)) — f(s,0)] ds. Taking the absolute value of

both sides, |$,(£) — ¢1(8)| < foltl |[f (s, $1(s)) — f(s,0)]| ds. Based on the results in Problems
14 and 15,

el

It
1626) — $1(0)] < / K [¢(s) — 0| ds < KM f 15| ds.
0 0

Evaluating the last integral, we obtain that |¢,(¢) — ¢;(¢)] < MK |t|2 /2.
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(c) Suppose that

MKt
il

|$i(1) — i1 (D] <

for some i > 1. By definition,
$a® =90 = [ 646D = F bl ds
0
It follows that

Il
|11 (1) — $:(0)] < f |f (s, ¢i(s)) = f (s, i1 (s))| ds
0

[l Il i—1 ||l
MK
< f K@) ~pa)ds< [ kIl
0 0 °

_ MKt _ MKIn*!
TG+ T oG+

Hence, by mathematical induction, the assertion is true.
17. (a) Use the triangle inequality, |a + b| < |a| + |b|.

(b) For [t]| < h, |¢:(0)] £ Mh, and |$,(£) — ¢,_1 ()] < MK " 'h"/(n!). Hence

LK M & (Kh)
0| <MY My KW
i=1 i=1

i!

(c) The sequence of partial sums in (b) converges to M(eX" — 1)/K. By the comparison test,
the sums in (a) also converge. Since individual terms of a convergent series must tend to zero,
|1 (£) = ¢,_1(£)] — 0, and it follows that the sequence |$,(t)| is convergent.

18.(a) Letg(t) = f f(s,$(s))dsand 9(t) = f; f(s,%(s))ds. Then by linearity of the integral,
$(0) = (1) = fy [f(s.$()) — (s, (s))] ds.

(b) It follows that |¢(t) — P(t)| < fot |f (s, (s)) — f(s,9(s))| ds.

(c) We know that f satisfies a Lipschitz condition, |f(¢,y1) — f(£,¥,)] £ K |y; — y,|, based
on |0f/dy| < K in D. Therefore,

18(0) — ()| < f (5. 4(5)) — f(5. ()| ds < f K [$(s) — (s)] ds.
0 0

2.9

1. Writing the equation foreachn > 0,y, = —0.9y,,y, = —0.9y; = (=0.9%)y,,y; = —0.9y, =
(—=0.9)%y, and so on, it is apparent that y, = (—0.9)" y,. The terms constitute an alternating
series, which converge to zero, regardless of y,.

2. Write the equation for eachn >0, y; = \/gyo, Yo =V4/2y1,y3 =45/3y,, ... Upon sub-
stitution, we find that y, =+/(4-3)/2y,, Y3 =+ (5-4-3)/(3-2)Y,, ... It can be proved by

mathematical induction, that

1 (n+2)! 1
Yn=—=\ —— Yo = =V +1){n+2) y,
V2 nt T ’

This sequence is divergent, except for y, = 0.
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3. Writing the equation for eachn > 0, y; = =y, ¥, = Y1, V3 = =2, ¥4 = Y3, and soon. It can
be shown that

Vo, forn=4dkorn=4k—-1

In= —Yy, form=4k—-2orn=4k—-3

The sequence is convergent only for y, = 0.
4. Writing the equation for each n > 0,

yl = 0.5 yo + 6
¥, =0.5y; +6 =0.5(0.5y, + 6) + 6 = (0.5)%y, + 6 + (0.5)6
y3 =0.5y, 46 =0.5(0.5y; +6) + 6 = (0.5)*y, + 6 [1 + (0.5) + (0.5)?]

Yn =(0.5)"y, +12[1 - (0.5)" |,

which follows from Eq.(13) and (14). The sequence is convergent for all y,, and in fact
y,—12.

5. Lety, be the balance at the end of the nth month. Then y,,; = (1 +r/12)y, + 25. We have
Yo = P"[yo —25/(1 — p)] +25/(1 — p), in which p = (1 + r/12). Here r is the annual interest
rate, given as 8%. Thus y;, = (1.0066)%¢ [1000 + 12 - 25/r] — 12 - 25/r = $2,283.63.

6. Let y, be the balance due at the end of the nth month. The appropriate difference equa-
tion is y,,, = (1 +r/12)y, — P. Here r is the annual interest rate and P is the monthly
payment. The solution, in terms of the amount borrowed, is given by y, = p"[y, + P/(1 —
0)] =P/ — p),inwhichp = (1 +r/12)and y, = 8, 000. To figure out the monthly payment P,
we require that y;¢ = 0. That is, p**[y, + P/(1 — p)] = P/(1 — p). After the specified amounts
are substituted, we find that P = $258.14.

7. Let y, be the balance due at the end of the nth month. The appropriate difference equa-
tionis y,., = (1 +r/12)y, — P, in which r = .09 and P is the monthly payment. The initial
value of the mortgage is y, = $100, 000. Then the balance due at the end of the n-th month
isy, =p"[yo+P/(1—p)]—P/(1—p), where p =(1+r/12). In terms of the specified val-
ues, y, = (1.0075)"[10° — 12P/r] + 12P/r. Setting n = 30 - 12 = 360, and y;¢, = 0, we find
that P = $804.62. For the monthly payment corresponding to a 20 year mortgage, set n = 240
and y,4 = 0 to find that P = $899.73. The total amount paid during the term of the loan
is 360 X 804.62 = $289, 663.20 for the 30-year loan and is 240 X 899.73 = $215,935.20 for the
20-year loan.

8. Let y, be the balance due at the end of the nth month, with y, the initial value of the
mortgage. The appropriate difference equation is y,., = (1 +r/12)y, — P, in which r = 0.1
and P = $1000 is the maximum monthly payment. Given that the life of the mortgage is 20
years, we require that y,,, = 0. The balance due at the end of the n-th month is y, = p"[y, +
P/(1—-p)] =P/ — p). In terms of the specified values for the parameters, the solution of
(1.00833)**%[y, — 12 - 1000/0.1] = —12 - 1000/0.1 is y, = $103, 624.62.

9. We must solve Eq.(14) numerically for p when n = 240, y,4,, =0, b = —$900 and y, =
$95,000. The resultis p = 1.0081, so the monthly interest rate isr = 0.81%, which is equivalent
to an annual rate of 9.73%.

10. Substituting Eq.(25), u, =(p—1)/p+v, into Eq.(21) we get (o —1)/p+ U,y =
p(p=1)/p+v,)QA—-(p—1)/p—v,), which after simplification turns into v,,; =
—(p=1)/p+(—=1+pv,)1/p—v,) =1 =p)/p+(p—1/p—(p—1Dv, +v, —pv; =

(2 — p)v, — pvZ, which is exactly what we wanted to prove.

11. (a) Foru, = 0.2, we have u; = 3.2uy(1 — u,) = 0.512and u, = 3.2u;(1 — u;) = 0.7995392.
Likewise, we get u; = 0.51288406, u, = 0.7994688, us = 0.51301899, us = 0.7994576 and u, =
0.5130404. Continuing, uy, = u;s = 0.79945549 and u;5 = u;; = 0.51304451.
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(b) The plots show the nature of solutions.
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(b) For example, take p = 3.5 and u, = 1.1:

Clearly, u,, » —oco0 as n — oo.

3P 13. For both parts of this problem a computer was used and an initial value of u, = 0.2 was
chosen. Different initial values or different computer programs may need a slightly different
number of iterations to reach the limiting value.
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The limiting value of 0.65517 (to 5 decimal places) is reached after approximately 100 iterations
for p = 2.9. The limiting value of 0.66102 (to 5 decimal places) is reached after approximately
200 iterations for p = 2.95. The limiting value of 0.66555 (to 5 decimal places) is reached after
approximately 910 iterations for p = 2.99.

(b) ..............
............................
PR B e O e e TP o

............................
........

(a) p=3.01 (b) p=3.05 (©)p=31

The solution oscillates between 0.63285 and 0.69938 after approximately 400 iterations for p =
3.01. The solution oscillates between 0.59016 and 0.73770 after approximately 130 iterations for
o = 3.05. The solution oscillates between 0.55801 and 0.76457 after approximately 30 iterations
for p = 3.1.

14. For an initial value of 0.2 and p = 3.448 we have the solution oscillating between
0.4403086 and 0.8497146. After approximately 3570 iterations the eighth decimal place is still
not fixed, though. For the same initial value and p = 3.45 the solution oscillates between
the four values 0.43399155, 0.84746795, 0.44596778 and 0.85242779 after 3700 iterations. For
© = 3.449 the solution is still varying in the fourth decimal place after 3570 iterations, but there
appear to be four values.

15.(a) 8, = (p, — p1)/(03 — py) = (3.449 — 3)/(3.544 — 3.449) = 4.7263.
(b) diff= (|6 — 8,]/5) - 100 = (|4.6692 — 4.7363|/4.6692) - 100 ~ 1.22%.

(c) Assuming (o3 — p2)/(p4 — p3) = 8, py ~ 3.5643

(d) A period 16 solution appears near p ~ 3.565.

T T T T T T T T
10 20 30 40 50 60 70 80

(e) Note that (0,1 — p,) = 6,(0, — pn_1). With the assumption that &, = §, we have
(Ops1 — Pn) = 67 (o, — pn_1), Which is of the form y,,; = ay,, n > 3. It follows that (o, —
Pk_1) = 8 ¥(p; — p,) for k > 4. Then

Pn =p1+ (o2 —p1) + (o3 —p2) + (Ps —p3) + ... + (0 — Pu1)
=p;+ (P2 —p1) + (03 _Pz)[1+5_1 +5_2+...+53_"]
1— 64"

=p1+ (02— p1) + (03 — p2) T—s1 |

Hence lim,,_, , p,, = o5 + (3 — p3) [%]. Substitution of the appropriate values yields

lim p, = 3.5699

n— oo
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Problems

Before trying to find the solution of a differential equation, it is necessary to know its type. The student should first classify
the differential equations before looking at this section, which identifies the type of each differential equation in Problems

1 through 24.

1. The equation is linear. It can be written in the form y’ + 2y /x =
x2, and the integrating factor is wu(x) = e/@/¥dx = g2lnx — 52,
Multiplication by u(x) yields x2y’ + 2yx = (yx?)’ = x*. Integration
with respect to x and division by x? gives that y = x3/5 + ¢/x2.

2. The equation is separable. Separating the variables gives the
differential equation (2 — sin y)dy = (1 + cos x)dx, and after integra-
tion we obtain that the solution is 2y + cosy — x —sinx =c.

3. The equation is exact. Simplification gives (2x + y)dx + (x —
3 —3y*)dy = 0. We can check that M, = 1 = N,, so the equation is
really exact. Integrating M with respect to x gives that (x,y) = x* +
xy +g(»), then ¥, = x +g'(y) = x — 3 — 3y, which means that
g (y) = =3 —3y?, so integrating with respect to y we obtain that
g(y) = =3y — y3. Therefore the solution is defined implicitly as x2 +
xy — 3y — ¥* = c. The initial condition y(0) = 0 implies thatc = 0, so
we conclude that the solution is x? + xy — 3y — y* = 0.
4. The equation is linear. It can be written as y’ + (2x — 1)y =
—3(2x — 1), and the integrating factor is ¢ ~*. Multiplication by
this integrating factor and the subsequent integration gives the solu-
tion ye*’~* = —3¢*’~* 4 ¢, which means that y = —3 + ce*™*". (The
equation is also separable.)
5. The equation is exact. Algebraic manipulations give the symmet-
ric form of the equation, (2xy + y? + 1)dx + (x? + 2xy)dy = 0. We
can check that M, = 2x + 2y = N,, so the equation is really exact.
Integrating M with respect to x gives that (x,y) = x%y + xy* + x +
g(y), then P, = x* + 2xy + g'(y) = x* + 2xy, so we get that g'(y) =
0, so we obtain that g(y) = 0 is acceptable. Therefore the solution is
defined implicitly as x?y + xy* + x = c.
6. The equation is linear. It can be written in the form y" + (1 +
(1/x))y = 1/x and the integrating factor is u(x) = e/ 1*(1/¥)dx —
eX+Inx — xe¥, Multiplication by u(x) yields xe*y’ + (xe* +e¥)y =
(xe*y) = e*.Integration with respect to x and division by xe* shows
that the general solution of the equation is y = 1/x + ¢/(xe*). The
initial condition implies that 0 = 1 + ¢/e, which means that ¢ = —e
and the solutionis y = 1/x —e/(xe*) = x71(1 — &' 7).
7. The equation is linear. It can be written in the form y’ + 2y /x =
sin x/x? and the integrating factor is u(x) = e/?/Vdx = g2Inx — x2,
Multiplication by u(x) gives x2y’ + 2xy = (x*y)’ = sinx, and after
integration with respect to x and division by x? we obtain the general
solution y = (¢ — cos x)/x2. The initial condition implies that ¢ =
4 + cos 2 and the solution becomes y = (4 + cos 2 — cos x)/x>.
8. The equation is exact. Simplification gives (2xy + 1)dx + (x* +
2y)dy = 0. We can check that M, = 2x = N,, so the equation is
really exact. Integrating M with respect to x gives that (x,y) =
x*y +x +g(y), then ¢, = x* + g'(y) = x* + 2y, which means that
g’ (y) = 2y, so we obtain that g(y) = y?. Therefore the solution is
defined implicitly as x2y + x + y* = c.
9. The equation is separable. Factoring the terms we obtain the dif-
ferential equation (x? + x — 1)ydx + x*(y — 2)dy = 0. We separate
the variables by dividing this equation by yx? and obtain
(1+%—%)dx+(1—§)dy=0.
Integration gives us the solution x +In x| + 1/x —2In|y| +y =c.
‘We also have the solution y = 0 which we lost when we divided by y.

10. The equation is exact. It is easy to check that M, =1=N,.
Integrating M with respect to x gives that(x,y) = x3/3 + xy + g(»),
then ¥, = x + g’(y) = x + ¢”, which means that g'(y) = ¢”, so we
obtain that g(y) = e”. Therefore the solution is defined implicitly as
X/3+xy+e =c.
11. The equation is exact. We can check that M, =1=N,.
Integrating M with respect to x gives that ¥(x,y) = x2/2 + xy +
g(y), then ¢, = x + g’'(y) = x + 2y, which means that g’(y) = 2y, so
we obtain that g(y) = y?. Therefore the general solution is defined
implicitly as x2/2 + xy + y? = c. The initial condition gives us ¢ =
17, so the solution is x? + 2xy + 2y? = 34.
12. The equation is separable. Separation of variables leads us to the
equation

dy 1=

y  1+4ex

dx.

Note that 1 + ¥ — 2e* = 1 — e*. We obtain that

1—e* 2e* "
1n|y|=/1+exdx=f1—1+exdx=x—21n(1+e")+c.

This means that y = ce*(1 + e*)~2, which also can be written as y =
c/ cosh®(x /2) after some algebraic manipulations.

13. The equation is exact. The symmetric form is (—e™* cosy +
e? cos x)dx + (—e~*siny + 2¢¥ sinx)dy = 0. We can check that
M, = e *siny +2e® cosx = N,. Integrating M with respect
to x gives that ¥(x,y) = e cosy +e¥ sinx + g(y), then ¥, =
—e *siny +2e¥ sinx + g'(y) = —e *siny + 2¢¥ sinx, so we get
that g’(y) = 0, so we obtain that g(y) = 0 is acceptable. Therefore
the solution is defined implicitly as e™ cosy + % sinx = c.

14. The equation is linear. The integrating factor is wu(x)=
e~ /3dx = ¢=3* which turns the equation into ey’ —3e~*y =
(e7**y) = e™™. We integrate with respect to x to obtain e>*y =
—e™ + ¢, and the solution is y = ce® — ¢2* after multiplication by
e,

15. The equation is linear. The integrating factor is u(x) = e/2%* =
e, which gives us >y’ + 2¢**y = (e*y)’ = ¢~*". The antiderivative
of the function on the right hand side can not be expressed in a closed
form using elementary functions, so we have to express the solution
using integrals. Let us integrate both sides of this equation from 0 to
x. We obtain that the left hand side turns into

f (e y(s))'ds = e¥y(x) — %y(0) = ey — 3.
0

The right hand side gives us fox e ds. So we found that
X
y= e‘z"/ e ds + 37,
0

16. The equation is exact. Algebraic manipulations give us the
symmetric form (y3 + 2y — 3x?)dx + (2x + 3xy?)dy = 0. We can
check that M, = 3y* +2 = N,. Integrating M with respect to x
gives that ¢(x,y) = xy* + 2xy — x* + g(y), then ¢, = 3xy* +2x +
g'(y) = 2x + 3xy?, which means that g’(y) = 0, so we obtain that
g(y) = 0 is acceptable. Therefore the solution is xy* + 2xy — x> = c.
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17. The equation is separable, because y’ = e*tY = e¥e. Separation
of variables yields the equation e™dy = e*dx, which turns into
—e™Y = e* + c after integration and we obtain the implicitly defined
solution e* + e =c.

18. The equation is exact. Algebraic manipulations give us the
symmetric form (2y? + 6xy — 4)dx + (3x% + 4xy + 3y*)dy = 0. We
can check that M), = 4y + 6x = N,.. Integrating M with respect to
x gives that P(x,y) = 2y*x + 3x%y — 4x + g(»), then ¢, = 4yx +
3x% + g'(y) = 3x2 + 4xy + 3y?, which means that g’(y) = 3y2, so we
obtain that g(y) = y3. Therefore the solution is 2xy? + 3x%y — 4x +
y=c.

19. The equation is linear. Division by ¢ gives y’ + (1 + (1/t))y =
e? /t,so the integrating factor is u(t) = e/U+1/Odt = pt+Int — ol The
equation turns into te'y’ + (te' +e')y = (te'y) = ¢3'. Integration
therefore leads to te'y = €3 /3 + ¢ and the solution is y = e* /(3t) +
ce™!/t.

20. The equation is homogeneous. (See Section 2.2, Problem 25)
We can write the equation in the form y’ = y/x + ¢’/*. We substi-
tute u(x) = y(x)/x, which means y = ux and then y’ = v'x + u. We
obtain the equation ©/x + u = u + e*, which is a separable equation.
Separation of variables gives us e *du = (1/x)dx, so after integration
we obtain that —e™ = In |x| + c and then substituting u = y/x back
into this we get the implicit solution e™/* +In |x| = c.

21. The equation can be made exact with an appropriate integrating
factor. Algebraic manipulations give us the symmetric form xdx —
(x*y + y*)dy = 0. We can check that (M, —N,)/M = 2xy/x =2y
depends only on y, which means we will be able to find an integrating
factor in the form wu(y). This integrating factor is u(y) = e~/ %% =
e™". The equation after multiplication becomes

eV xdx — e (x%y + y*)dy = 0.
This equation is exact now, as we can check that M, = —2yeV'x =
N,. Integrating M with respect to x gives that p(x,y) = e™’'x2/2 +
g(y), then P, = —e’x%y + g'(y) = —e™>"(x%y +»*), which means

that g’ (y) = —y*e™>". We can integrate this expression by substituting
u = —y?, du = —2ydy. Integrating by parts, we obtain that

gy) =- /y3e‘y2dy = —/ %ue“du = —%(ue" —e)+c=

2

1
- 5(—y2e‘y —e ) +e.

Therefore the solution is defined implicitly as e™’x2/2—
1 . . .

5(—yze‘y2 —e¥)=c, or (after simplification) as e’ (x2 + y? +
1) = ¢. Remark: using the hint and substituting u = x> gives us
du = 2xdx. The equation turns into 2(uy + y*)dy = du, which is

a linear equation for u as a function of y. The integrating factor is
™" and we obtain the same solution after integration.

22. The equation is homogeneous. (See Section 2.2, Problem 25) We
can see that

,_x+y 1+(y/x)
YEXSy Timo/

We substitute u = y/x, which means also that y = ux and then y’ =
u'x +u = (1+u)/(1— u), which implies that

Uy = 1+u_u_ 1+ u?
T 1-u T 1-u’

a separable equation. Separating the variables yields

1-—u dx
u=—
1+ u? X

s
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and then integration gives arctanu —In(1+u?)/2 =In|x|+ec.
Substituting u = y/x back into this expression and using that

—In(jx[\/1+ (¥/x)?) = —In(Vx* + y2)
we obtain that the solution is arctan(y/x) — In(y/x2 + y2) = c.

23. The equation is homogeneous. (See Section 2.2, Problem 25)
Algebraic manipulations show that it can be written in the form

—In(1+ (y/x)*)/2 —In|x|

3y +2xy  30/x) +2(y/%)
2xy + x? 2(y/x)+1
Substituting u = y/x gives that y = ux and then

,_u,x+u_3u2+2u
y= T 2u+1
which implies that
,o_3w+2u w4
T 2u+1 T 2u+1’

a separable equation. We obtain that 2u + 1)du/(u? + u) = dx/x,
which in turn means that In(u? + u) = In |x| + ¢. Therefore, u? +
u = cx and then substituting u = y/x gives us the solution (y*/x3) +
O/x) =c.

24. This is a Bernoulli equation. (See Section 2.4, Problem 23) If
we substitute u = y~!, then v/ = —y~2y’, so y' = —u'y? = —u' Ju?
and the equation becomes —xu’ /u? + (1/u) — e** /u? = 0, and then
u’ —u/x = —e?* /x, which is a linear equation. The integrating fac-
torise~/(/¥)dx = g=Inx — 1 /x andwe obtain that (u’/x) — (u/x%) =
(u/x)’ = —e** /x%. The integral of the function on the right hand side
can not be expressed in a closed form using elementary functions, so
we have to express the solution using integrals. Let us integrate both
sides of this equation from 1 to x. We obtain that the left hand side
turns into

L1 _1
yx y1) yx
The right hand side gives us — /;"[e?/s?] ds. So we find that

f (u(s)/s)'ds = (u(x)/x) — (u(1)/1) = —12
1

1/y=—x/ [e*/s*]ds + (x/2).
1

25. Lety, beasolution,ie.y| = q; + ¢;y; + q;y;. Nowlety =y, +
(1/v) also be a solution. Differentiating this expression with respect
to ¢ and using that y is also a solution we obtain y’ = y; — (1/v*)v’ =
Qi + @y + 43y = @ + @1 + (1/0)) + q3(yy + (1/v))*. Now using
that y, was also a solution we get that —(1/v*)v' = q,(1/v) +
2q;(y1/V) + g3(1/v?), which, after some simple algebraic manipula-
tions turns into v’ = —(g, + 2¢3y;)v — gs.

B 26. (a) Using the idea of Problem 25, we obtain thaty = ¢ + (1/v),

and v satisfies the differential equation v’ = —1. This means that
v=—t+candtheny =t +(c -7

(b) Using the idea of Problem 25, we set y = (1/t) + (1/v), and
then v satisfies the differential equation v’ = —1 — (v/t). This is a
linear equation with integrating factor u(t) = t, and the equation
turns into tv’ + v = (tv)’ = —t, which means that tv = —t?/2 + ¢, so
v=—(t/2)+(c/t)andy = (1/t) + (1/v) = (1/1) + 2t/(2c — t*).
(c) Using the idea of Problem 25, we set y = sint + (1/v). Then v
satisfies the differential equation v’ = —tantv —1/(2cost). This is
a linear equation with integrating factor u(t) = 1/ cost, which turns
the equation into

v'/cost +usint/cos?t = (v/cost) = —1/(2cos*t).

Integrating this we obtain that v = ccost — (1/2)sin ¢, and the solu-
tionisy =sint + (ccost — (1/2)sint)1.
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27.(a) Theequationisy’ = (1 —y)(x + by) = x + (b — x)y — by?.
We set y=1+(1/v) and differentiate: y’ = —v=20v' = x + (b —
x)(1 + (1/v)) — b(1 + (1/v))?, which, after simplification, turns into
v =(b+x)v+b.

(b) When x = at, the equation is v/ —(b+at)v =b, so the
integrating factor is u(t) =e 2"9"/2, This turns the equa-
tion into (vu(t)) = bu(t), so vu(t) = [ bu(t)dt, and then v =
(b S u®)dt)/u(t).

28. Substitute v = y’, then v’ = y”. The equation turns into t?v’ +
2tv = (t?v) =1, which yields tv=t+c¢;, so Yy =v=(1/t)+
(c1/t2). Integrating this expression gives us the solution y = Int —
(c/t) + ¢y

29. Set v =)', then v’ = y”. The equation with this substitution
istv/ + v = (tv) =1, whichgivestv =t +¢;,s0y' = v =1+ (¢, /1).
Integrating this expression yields the solutiony =t + ¢, Int + c,.
30. Setv =y’,sov’ =y". The equation is v’ + tv? = 0, which is a
separable equation. Separating the variables we obtain dv/v? = —tdt,
so—1/v =—t*/2 + c,and theny’ = v = 2/(t? + ¢;). Now depending
on the value of ¢;, we have the following possibilities: when ¢; = 0,
theny = —2/t + ¢,, when 0 < ¢; = k?, then y = (2/k) arctan(t /k) +
¢,, and when 0 > ¢; = —k? then

y=Q/k)In|(t —k)/(t+ k)| +c,.

We also divided by v = y’ when we separated the variables,and v = 0
(which is y = ¢) is also a solution.

31. Substitute v = y’ and v’ = y”. The equation is 220’ + v3 = 2tv.
This is a Bernoulli equation (See Section 2.4, Problem 19), so the sub-
stitution z = v=? yields z’ = —2v730’, and the equation turns into
262003 + 1 = 2t /v?, i.e. into —2¢%2' /2 + 1 = 2tz, which in turn sim-
plifies to £2z" + 2tz = (t>z)’ = 1.Integrationyieldst?z = ¢ + ¢, which
means that z = (1/t) + (¢/t?). Now y = v = +\/1/z = +t /[t + ¢;
and another integration gives

2
y= ig(t —2c)\t+c +c,.

The substitution also loses the solution v = 0,i.e. y = c.

32. Set y’ =v(y). Then y” =v'(y)(dy/dt) = V'(y)v(y). The equa-
tion turns into yv’v + v? =0, where the differentiation is with
respect to y now. This is a separable equation, separation of vari-
ablesyields —dv/v = dy/y,andthen —Inv =lny + & sov = 1/(cy).
Now this implies that y’ = 1/(cy), where the differentiation is with
respect to t. This is another separable equation and we obtain that
cydy = 1dt, so cy*/2 =t + d and the solution is defined implicitly
asy? = ¢yt +c,.

33. Sety’ = v(y). Then y” = v'(y)(dy/dt) = v'(y)v(y). We obtain
the equation v'v +y = 0, where the differentiation is with respect
to y. This is a separable equation which simplifies to vdv = —ydy.
We obtain that v?/2 = —y?/2 + ¢,s0y’ = v(y) = +4/c — y2. We sepa-
rate the variables again to get dy/+/c — y? = +dt, so arcsin(y/ \/E) =
t + d, which means that y = \/ZSin(it +d) =¢; sin(t + ¢,).

34. Sety’ =v(y). Then y” = v'(y)(dy/dt) = v'(y)v(y). We obtain
the equation yv'v — v3 = 0, where the differentiation is with respect
to y. This separable equation gives us dv/v? = dy/y, which means
that —1/v = In|y| + c¢,and then y’ = v = 1/(c — In |y|). We separate
variables again to obtain (¢ —In |y|)dy = dt, and then integration
yields the implicitly defined solutioncy — (y In |y| — y) = ¢ + d. Also,
y = cis a solution which we lost when we divided by v = 0.

35. Sety’ =v(y). Then y” = v'(y)(dy/dt) = v'(y)v(y). We obtain
the equation v'v+ v? =2¢™, where the differentiation is with
respect to y. This is a Bernoulli equation (See Section 2.4, Problem
23) and substituting z = v? we get that z’ = 2vv’, which means
that the equation reads z’ + 2z = 4e™. The integrating factor is
u(y) = e¥, which turns the equation into e?z’ + 2e¥z = (e¥'z) =
4e¥. Integration gives us v> =2z =4e™ +ce ?. This implies
that y' = v = +e™¥y/c + 4e¥. Separation of variables now shows
that +e’dy/v/c +4e¥ = dt. Integration and simplification gives
+(1/2)(c + 4€¥)'/? = t + d. Algebraic manipulations then yield the
implicitly defined solution ¥ = (¢ + ¢,)* + ¢;.

36. Suppose that y’ = v(y) and then y” = v’(y)v(y). The equation
is v*v’ = 2, which gives us v®/3 = 2y + ¢. Now plugging 0 in place
of ¢ gives that 23/3 =21+ c and we get that ¢ = 2/3. This turns
into v3 = 6y + 2, i.e. y’ = (6y + 2)'/>. This separable equation gives
us (6y + 2)~'/3dy = dt, and integration shows that (1/6)(3/2)(6y +
2)*/* =t 4+ d. Again, plugging in t = 0 gives us d = 1 and the solu-
tion is (6y + 2)*/3 = 4(t + 1). Solving for y here yields y = (4/3)(t +
132 —1/3.

37. Set v=1y', then v’ =y"”. The equation with this substitu-
tion turns into the equation (1 + t?)v’ + 2tv = ((1 + t3)v) = —3t72.
Integrating this we get that (1 + t>)v = 3t™! + ¢,and ¢ = —5 from the
initial conditions. This means that y' = v =3/(¢t(1+£3)) —5/(1 +
t?). The partial fraction decomposition of the first expression shows
thaty’ = 3/t — 3t /(1 + t?) — 5/(1 + t*) and then another integration
here gives us that y = 3Int — (3/2)In(1 + t2) — 5arctan ¢ + d. The
initial conditionsidentify d = 2 + (3/2)In 2 + 57/4, and we obtained
the solution.
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