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The Derivative

Exercise Set 2.1

80—-20 60

1. (a) Mmpan =~

[=)}

/
/ \

5 10 15 20
(b) Time (s)

[\

Velocity (m/s)
=~

2. At t=4s, men ~ (90 — 0)/(10 — 2) = 90/8 = 11.25 m/s. At t =8 s, mgan ~ (140 — 0)/(10 — 4) = 140/6 ~ 23.33
m/s.

3. (a) (10—10)/(3—-0) =0 cm/s.
(b) t=0,t=2,¢t=4.2, and ¢t = 8 (horizontal tangent line).
(¢) maximum: t =1 (slope > 0), minimum: ¢ = 3 (slope < 0).
(d) (3—18)/(4—2)=—7.5cm/s (slope of estimated tangent line to curve at ¢ = 3).
4. (a) decreasing (slope of tangent line decreases with increasing time)
(b) increasing (slope of tangent line increases with increasing time)
(c) increasing (slope of tangent line increases with increasing time)
(d) decreasing (slope of tangent line decreases with increasing time)
5. It is a straight line with slope equal to the velocity.
6. The velocity increases from time 0 to time tg, so the slope of the curve increases during that time. From time % to

time t1, the velocity, and the slope, decrease. At time t1, the velocity, and hence the slope, instantaneously drop
to zero, so there is a sharp bend in the curve at that point.
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10.

11.

12.

f(1)—f) _ 2
sec — =-=2
— 212 —
(b) Mmtan = lim M — lim 24 0 = lim 221 =0
x1—0 T, — 0 x1—0 T, — 0 z1—0
_ 2 2 _ 2 2
(¢) Mmpan = lim fa) = J(@o) = lim 2750 _ gy (221 + 2x¢) = 4g
T1—T0 1 — X0 T1—To X1 — X T1—To
Yol
/ Secant
Tangent X
// 1
(d) The tangent line is the z-axis. /
8_1
@ ma, 1O 375 7
ave 21 1 3
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Exercise Set 2.1

1
o fla)—f@) L 3173 1 (z1 —D@ita+1) 1., _
(b) st = lim =i = i S =g i 0 =g mE e+l =1
Ly 15,
(€) Mt = lim fla) = flwo) _ 371737 1 T — o) (23 + 2129 + )
T1—To r1 — X0 T1—To T1 — L 31— (.Tl — .To)
1 . 1
= lim (22 4+ z170 —|—x3) = f(x(z) —|—x(2) —|—x3) = x%
r1—To 3
Ay
p
Se
1
/ 2nt
/ .
S -
(d)
15 (@) m, T®S@ _Us-12 1
) 3-2 1 6
— f(2 1 —-1/2 2 — -1 1
(b) Mian = lim M: lim M: lm —2 1 gy - — =
T1—2 T —2 z1—2 X1 — 2 12 2:131(5(31 — 2) 12 221 4
— 1 -1 — -1 1
(©) mun= lim TV TI@) o Mmzleo o momm g - =
T1—T0 1 — Xo T1—T0 Tr1 — o T1—T0 l‘o.’L‘l(LL'l - LL'()) r1—To XX n)
4
==
Secant
(d)
f2)—fQ@) 1/4-1 3
14. = = - _ =
(@) Meec 21 1 1
— f(1 1/22 —1 1— a2 — 1
(b) muan = lim A=Wy Vri oL, Low g, SR D
z1—1 1 —1 z1—1 11— 1 z1—1 xl(xl — 1) z1—1 7
_ 1/22 —1/22 2 _ .2 _
(©) My = lim LV TI@) oy Mmim ey oy, mommd g, Zl@odro)
T1i—=zo  T] — Lo T1—=z0  T1 — Lo e1—wo a1 (1 — To)  wiowo  XFAT
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

( d) Tangent Secant
_ 2 _ 1) — 2 _ 1 2 .2
(a) mian = lim 7f($1) f(wo) = lim (21 )~z —1) = lim 7(961 7o) = lim (21 + z9) = 2z
T1—>T0 1 — X0 T1—>T0 r1 — Xo T1—To T1 — XL T1—>To

(b) Mmpan = 2(—1) = =2

fla1) = flzo) _ i (22 + 321 + 2) — (23 + 320 + 2) (23 — 23) + 3(z1 — o)

(a) Mmian = lim = lim =
T1—T0 1 — X0 T1—T0 r1 — XTo T1—T0 r1 — o
= lim (x1+20+3)=220+3
r1—>To

(b) Man =2(2) +3=7

— - 1 1
(a) Mian = lim f) = flwo) _ g rtvE) = @otvEe) (b Ny, b
T1—To r1 — X T1—To r1 — X T1—To \/E—‘r \/ﬁ 2\/‘%
1 3
b Mian = 1 —|— - = —
(B) 201 2
- 1 —1 _
(a) Mian = lim M = lim M = lim VZo — /71 _
T1—To 1 — Xo T1—T0 1 — Xo T1—T0 \/E \/ﬂ (.’ﬂl - fﬂo)
i -1 1
== 1m = —
A T ) T 2l
1 1
b an —— 55 — — T
(b) m. 24772~ 16

True. Let z =1+ h.

False. A secant line meets the curve in at least two places, but a tangent line might meet it only once.

False. Velocity represents the rate at which position changes.

True. The units of the rate of change are obtained by dividing the units of f(z) (inches) by the units of z (tons).
(a) T72°F at about 4:30 P.M. (b) About (67 —43)/6 = 4°F/h.

(c) Decreasing most rapidly at about 9 P.M.; rate of change of temperature is about —7°F /h (slope of estimated
tangent line to curve at 9 P.M.).

For V = 10 the slope of the tangent line is about (0 — 5)/(20 — 0) = —0.25 atm/L, for V' = 25 the slope is about
(1—2)/(25 — 0) = —0.04 atm/L.

(a) During the first year after birth.

(b) About 6 cm/year (slope of estimated tangent line at age 5).
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Exercise Set 2.2 5

26.

27.

28.

29.

30.

31.

(c) The growth rate is greatest at about age 14; about 10 cm/year.

Growth rate
40 - (cm/year)

30
20

10+
1 1 1 £ (yrs)
(d) 5 10 15 20

(a) The object falls until s = 0. This happens when 1250 — 16t> = 0, so t = \/1250/16 = /78.125 > /25 = 5;
hence the object is still falling at ¢t = 5 sec.

f(6) = £(5) _ 674 — 850

(b)

= —176. The average velocity is —176 ft/s.

65 1
54h)— f(5 1250 — 16(5 + h)?] — 850 —160h — 16h>
(¢) Uimst = lim JO+N =F0) _ | 6+ )7 = lim ——————— = lim (=160 — 16h) =
160 ft/ h—0 h h—0 h h—0 h h—0
— S
(a) 0.3-40% = 19,200 ft (b) Vayve = 19,200/40 = 480 ft /s

(c) Solve s = 0.3t = 1000; ¢ ~ 14.938 50 vaye ~ 1000/14.938 ~ 66.943 ft/s.

3 L A03 2 3
(@) v = i 0.3(40 + h)* —03-40° _ . 0.3(4800h + 1201”1 h)

. 2\ __
By 3 Lim ; = lim 0.3(4800 + 120h + %) = 1440 fi /s

4.5(12)% — 4.5(0)?

ave — =54 ft
(2) vave 190 54 ft/s

. 45t2 —4.5(6)2 . 452 —-36) .. 45(t1 +6)(t1 —6) .
(b) Vinst = tlllgﬁ tl——6 = tlllglﬁ tlT = t111§6 tl —6 = tllu—l;lﬁ 45(t1 + 6) =54 ft/S

6(4)* —6(2)4
() vave = 6(4)° = 6(2)° = 720 ft/min
4 —2

o 6t1—6(2)* . 6(t1—16) 6T+t —4) 2 .
(b) Vinst — t111£I>12 ﬁ = t111£I>12 ﬁ = tllng T = t111£1>12 6(t1 + 4)(t1 + 2) =192 ft/mln
See the discussion before Definition 2.1.1.

The instantaneous velocity at t = 1 equals the limit as h — 0 of the average velocity during the interval between
t=1landt=1+h.

Exercise Set 2.2

1.

2]

f()=-1,1(2)=-2,f'(4) =0, f'(6) = 3.

- 1) < f1(0) < f1(2) <0 < f(=3).

(a) f’(a) is the slope of the tangent line. (b) f'(2)=m=3 (c) The same, f'(2) = 3.

)=

8—(-1) 9
0—2 2
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6 Chapter 2
Ay
x
\
5.
y
X
6.
7.y—(—1)=5(x—3), y=—-1+5(z—3)
B.y—T7T=4(x+2), y=T+4(z+2)
vy v fl@+h)—f@) . 2@+4+h)?—22> dzh+2R* S
9. f(ac)—}lblg%)—h —}llli% Y = lim W = 4x; f'(1) = 4 so the tangent line is given
by y =2+ 4(x —1).
. flz+h)- f(x) . 1/(x+h)?—1/2? . 2% — (v + h)? . —2xh—h?
’ _ _ — R -
10. f(m)_lllg%) h }ILIE% h I}blg%) hx?(x + h)? 7m0 hx?(x + h)?
2z = h 2 f'(—=1) = 2 so the tangent line is given b 1+2(x+1)
=lim ———— =——; f'(-1) = ngent line is given = x .
h—0 22 (2 + h)? a3’ & & vy
h) — h)? — a?
11. f'(z) = lim Jlath) = o) = lim Eth) -2 = lim (322 + 3zh + h?) = 32%; f/(0) = 0 so the tangent line is
h—0 h h—0 h—0
given by y — 0 =0(z — 0), y = 0.
oy g fat ) = f@) G458~ 52045 (3 5 3 Lo _3 2
12 fiw) = limy h = jio h = | g7 grh gkt ) = g
1 3
f(2)= 5(2)3 +5=9and f'(2) = 5(2)2 = 6 so the tangent line is given by y = 9 + 6(z — 2).
) . flx+h)—fl@) . Vr+l+h—vVz+1 | Vr+l+h—vVar+1l Ve+1l+h+Vr+1
13. f'(z) = lim ————————= = lim = lim =
h—0 h h—0 h h—0 h Ve+1l+h+vVr+1
h 1 1
lim = ; f(8) = /8+1 = 3 and f/(8) = = so the tangent line is given b
h=0h(Ve+1+h++Vo+1) 2Vr+1 1®) J'®) 6 8 siven by
1
y:3+6(m—8).
h)— 3 h)+1—-+/3 1
14 fi(@) = fim JEFR =S V3R 41 VaEE
h—0 h h—0 h
VB2 +3h+1—V32+1 V3x+3h+1+V3zx+1
= lim :
h—0 h V3z+3h+1++3x+1
3h 3 3
= lim = lim = cf(5)=vV3-5+1=V16=4
=0 h(v/3z +3h+1++3x+1) h=03z+3h+1++3z+1 2/3zx+1 /)
3 3 3
and f’(5):m:§so the tangent line is given byy:4+§(x—5).
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

1 1 z — (z + Az)
. oz . Ax) _ —Azx _ 1 1
) = lim LEAT  z z(z + -1 — R —
(@) Aaso Ax Az Ax Ao0 zAx(x + Az) Alglggo z(z + Az) x?
1 1 (x+1)—(z+Ax+1)
. +Az)+1 x+1 . (z+1)(z+Ax+1) . r+l—z—-Azx—1
l =1 (m =1 = ] =
(@) Aas0 Az Ars0 Az Aws0 Az(x 4+ 1)(x+ Az + 1)
lim — = lim ! -1
a0 Ax(z+ D) (z+ Az +1)  aArso(z+D(z+Ax+1) (z+1)2
. (2 +Az)? — (2 + Az) — (22 — 2) . 2zAx+ (Az)? - Ax .
/ _ _ — _ — _
fo= Am, As = = APty Ao =20t
4 4 3 2 2 3 4
F(z) = lim (z+ Ax)* —x ~ im 4’ Ax + 62°(Ax)? + 4x(Ax)° + (Ax) _
Ax—0 Az Az—0 Ax
= Alimo(43c3 + 622 Az 4 4x(Ax)? + (Ax)?) = 42®.
z—
1 1
f(z) = lim VetAr Ve o VE-VetAr o v (z+Az) =
Az—0 Az Az—0 AJI\/E\/.'IJ + Ax Az—0 A[L‘\/E\/_’L‘ + A.’IJ(\/E + vV + Aa’,‘)
= lim -1 =— ! .
Az—0 \/{E\/x—FAx(\/E—F\/x—FAx) 22:3/2
3 3
Fla) = lim VatAr+2 Ver2 oo VI+2-Ve+Az+2 Vo+2+vVo+Ar+2
Az—0 Az A Az—0 Az/z + 2V + Az +2 Vz+2+Vr+ Az +2
—Azx
=3 li
Az50 Axvz + 2V + Az +2(Vr + 2+ Vo + Ax + 2)
4 1 -3

im .
Av—0 \/x + 2V + Az +2(Vr 2+ Vo + Ar +2)  2(x+2)3/2

F(t) = 1im flE+h) —f) _ I [4(t+h)? +(@E+h)] - [42+¢] i 412 + 8th +4h* +t + h — 4t* — ¢
h—>02 h h—0 h h—0 h

8th +4h% + h

P s L

= lim (8¢ + 4h + 1) = 8t + 1.
h—0

h—0 h
4 3_4 3 4 0 3 2 2, 13 _ .3
v §7r(7“+h) — 37 —7t(r> 4+ 3r°h 4+ 3rh* + h° —r°) 4
— = lim = lim = lim —7(3r® + 3rh + h?) = 47>
dr  h—0 h h—0 h h—0 3
(a) D (b) F (c) B (d) C (e) A (f) E
1/(1) is the slope of the tangent line to the circle at (1,2). This line is perpendicular to the line through (0, 0) and
1
(1af(1)) = (172)a S0 f,(l) - 75
y
y T\’
X 12 x X
I 1 2
=172 -1
(a) (b) (c)
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26.

27.

28.

29.

30.

31.

32.

33.

34.

37.

(b)

False. If the tangent line is horizontal then f/(a) = 0.

True. f'(—2) equals the slope of the tangent line.

False. E.g. |z| is continuous but not differentiable at x = 0.

True. See Theorem 2.2.3.

(a) f(x)=yzranda=1

(a) f(x)=coszanda=m

(b) f(z)=2>anda=3

(b) f(x)=2"anda=1

_ 2Y (1 — 2 _ _ 12
dy _ lim U=(@t+h))-(1=-a) = lim 2ah = I _ lim (—22 — h) = —2z, and dy = —2.
dr  h—0 h h—0 h—0 dx|,_,
r+2+h x+4+2
dy . z+h =z . x(zr+2+h)—(x+2)(z+h) ) -2 -2 dy
Y =1 = lim ——— = —> and ¥
dr  hs0 h B0 hz(xz + h) B0 x(x+h) a2’ M G
2
— 5
N /
-3
2
w 1.5 1.1 1.01 1.001 | 1.0001 | 1.00001
b - fQ
(®) % 1.0949 | 0.9780 | 0.9540 | 0.9517 | 0.9515 | 0.9514
w 0.5 0.9 0.99 0.999 | 0.9999 | 0.99999
— f(1
% 0.8320 | 0.9258 | 0.9488 | 0.9512 | 0.9514 | 0.9514
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38.

39.

40.

41.

42.

43.

44.

45.

46.

w 2.5 2.1 2.01 2.001 2.0001 2.00001
b - f1
(b) % —0.7321 | —0.5701 | —0.5283 | —0.5241 | —0.5236 | —0.5236
w 1.5 1.9 1.99 1.999 1.9999 1.99999
— f(1
f(wu)} — {( ) —0.2679 | —0.4752 | —0.5188 | —0.5231 | —0.5236 | —0.5236
fB)—=f(1) 22-212 f(2)—f(1) 234-212 f(2)—=f(0) 2.34—0.58
= = 0.04: = =0.22; = —= U. .
@) =3 2 00L T 1 02% 750 2 088
9) —
(b) The tangent line at x = 1 appears to have slope about 0.8, so 1 ; — (J)c gives the best approximation and
- f(1
w gives the worst.
(a) f(0.5) ~ f() = f(0) _ 2.12 - 0.58 154
1-0 1
() flas~ IR _ 22228 ),

(a) dollars/ft
(b) f'(z) is roughly the price per additional foot.
(c) If each additional foot costs extra money (this is to be expected) then f’(z) remains positive.

F(301) = £(300)

d) F th imation 1000 = f/(300) =
(d) From the approximation 1/(300) 301 =300

foot will cost around $1000.

we see that f(301) = f(300) -+ 1000, so the extra

gallons

——=————— = gallons?/doll
dollars/gallon gallons”/dollar

(a)
(b) The increase in the amount of paint that would be sold for one extra dollar per gallon.

(c) Tt should be negative since an increase in the price of paint would decrease the amount of paint sold.

(d) From —100 = f/(10) ~ %{élo)

would decrease the amount of paint sold by around 100 gallons.

we see that f(11) = f(10) — 100, so an increase of one dollar per gallon

(a) F =~ 200 1b, dF/df ~ 50 (b) p=(dF/df)/F ~ 50/200 = 0.25

The derivative at time ¢ = 100 of the velocity with respect to time is equal to the slope of the tangent line, which
12500 — 0 T 7680982 1b

is approximately m = Ti0—40 — 125 ft/s2. Thus the mass is approximately M (100) ~ do/di = o5 ft/52 ~

61000 slugs.

(a) T~ 115°F, dT/dt ~ —3.35°F /min (b) k= (dT/dt)/(T — Tp) ~ (—3.35)/(115 — 75) = —0.084

: : : : _f0+Rn)—fO) . Vh—0

_ 3 _ — — = =

(a) illgbf(x) = 91112)\/5 = 0 = f(0), so f is continuous at x = 0. ;lfi% Y }11_,1110 -

. _ p :

}ILlLI%) 7373 +00, so f/(0) does not exist.
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y
2_
L I I X
-2 2
(b) lim f(z) = lim(z — 2)%/3 = 0 = f(2) so f is continuous at z = 2. lim ChAD kg (G lim AP0 _
e T a2 o 7 R0 h ~ h=0 N
. . . y .
}IL% AYE] which does not exist so f'(2) does not exist.
y
sk
| | | | | X
2
47. f(1)=12+1=2; lim f(z)= lim (2> +1)=2; lim f(z)= lim 3—(r—2)*)=3-1=2;
z—1— z—1— z—1+ z—1+
lim f(z) = lim f(z)= f(1), so f is continuous at x = 1.
z—1- z—1+
1 - f(1 1+h)?+1-2 242
lim fa+n =14 f(): lim a+h+1-2 = lim s h: lim (h+2) =2;
h—0~ h h—0~ h h—0~ h h—0~
. (14 h) — f(1) . 3—(1+h-2)2-2 . —h*+2h _ ,
lim ————~~ =] = lim ———— = lim (-h+2)=2 1) =2.
hso+ h B0+ h et h hg]([)l+( +2) =20 (1)
48.

f(1)=3-1>=3; lim f(z)= lim 32? =3; lim, f(z)= lim (4—(z—2)*)=4—-1=3;

r—1— r—1— r—1t

lim f(x) = lim f(z)= f(1), so f is continuous at x = 1.
r—1— r—1t

1+h)—f(1 3(1+h)?>—-3 3h2 + 6h
li —f( +h) — f1) = lim 7( +h) = lim ShTHOh lim (3h + 6) = 6;
h—0— h h—0— h h—0— h h—0—

1+h)—f(1 4—(1+h—-2)% - —h% 4 2h
g LAFRZFA) g AR =278 IR ) =2 s0
h—0t h h—0t h h—0*t h h—0t

1+h)—f(1

}llin%) w does not exist, and f is not differentiable at x = 1.
—
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49.

50.

51.

52.

53.

54.

Since —|z| < zsin(1/x) < |z| it follows by the Squeezing Theorem (Theorem 1.6.4) that lin%xsin(l/x) = 0. The
xT—r
f(z) — £(0)

not tend to any number as x tends to zero.

derivative cannot exist: consider = sin(1/x). This function oscillates between —1 and +1 and does

For continuity, compare with 22 to establish that the limit is zero. The difference quotient is x sin(1/x) and (see
Exercise 49) this has a limit of zero at the origin.

f(z) = o)

Let € = |f'(x)/2|. Then there exists § > 0 such that if 0 < |z — x| < J, then
r — X

f(x) = f(xo)

r — X

— f'(z0)| < e. Since

f'(xo) > 0 and € = f/(x0)/2 it follows that
x = x2 > xo then f(x2) > f(zo).

>e>0. If z =21 <z then f(z1) < f(zo) and if

g(x1+h) —g(x1) f(m(zy +h) +b) — f(mz; +b) f(xo +mh) — f(xo)

! I _ : _ !
=T T h B T
(a) Let e = |m|/2. Since m # 0, € > 0. Since f(0) = f/(0) = 0 we know there exists 6 > 0 such that

B —
M' < € whenever 0 < |h| < 4. It follows that |f(Rh)| < 1|hm| for 0 < |h| < §. Replace h with z to

h
get the result.
(b) For 0 < |z| <6, |f(z)| < 3|ma|. Moreover |mz| = |mz — f(z) + f(z)| < |f(z) — ma|+ |f(z)], which yields
(@) = ma| > [ma| - |f(z)] > 3lma| > |f(2)], ie. |f(z) —maz| > |f(z)].
(c) If any straight line y = ma + b is to approximate the curve y = f(x) for small values of z, then b = 0 since

f(0) = 0. The inequality |f(z) — mz| > |f(x)| can also be interpreted as |f(z) — mz| > |f(z) — 0], i.e. the line
y = 0 is a better approximation than is y = mz.

Let g(z) = f(x) = [f(z0) + ' (w0) (x —x0)] and h(x) = f(x) — [f (x0) +m(x —z0)]; note that h(x) —g(x)=(f'(z0) —m)
(x —xzg). If m # f'(xo) then there exists 6 > 0 such that if 0 < |x — xo| < § then f@) = o) _ (xo)| <
T — X9

1 . . 1
31f'(x0) = ml|. Multiplying by [z — wo| gives |g(z)] < S|h(z) = g(z)|. Hence 2|g(z)| < |h(z) + (=g(x))| <

|h(x)] +]g(2)], so |g(x)] < [h(z)|. In words, f(z) is closer to f(xo) + f'(x0)(z — zo) than it is to f(zo) +m(z — o).
So the tangent line gives a better approximation to f(x) than any other line through (xg, f(z¢)). Clearly any line
not passing through that point gives an even worse approximation for z near xg, so the tangent line gives the best
linear approximation.

Solutions Manual for Calculus Early Transcendentals 12th Anton


https://textbooktestbanks.com/products/9781119880301-solutions

12 Chapter 2

55. See discussion around Definition 2.2.2.

56. See Theorem 2.2.3.

Exercise Set 2.3

1. 4528, by Theorems 2.3.2 and 2.3.4.

2. —362'!, by Theorems 2.3.2 and 2.3.4.

3. 2427 4+ 2, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
4. 223, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

5. 0, by Theorem 2.3.1.

6. /2, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

1
7. —g(m6 4 2), by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.

2
8. gz, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
9. —3x~* — 7278, by Theorems 2.3.3 and 2.3.5.
! L by Th 2.3.3 and 2.3.5
—_— = — rems 2.3.3 and 2.3.5.
N vy Theorems a

11. 24272 + 1//z, by Theorems 2.3.3, 2.3.4, and 2.3.5.

10.

5
12. —422~ " — —— by Theorems 2.3.3, 2.3.4, and 2.3.5.
X

2V

13. f'(z) = ex®~! — /10 2~1=V10 Ly Theorems 2.3.3 and 2.3.5.

14. f'(z) =

2v/5
—\fo_5/37 by Theorems 2.3.3 and 2.3.4.

15. (322 +1)2 = 92* + 622 + 1, so f'(x) = 362> + 12z, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
16. 3az? + 2bx + ¢, by Theorems 2.3.1, 2.3.2, 2.3.4, and 2.3.5.
17. ¢ =102 -3, y'(1) = 7.

1 2
18. y' = —— — = 4/(1) = —3/2.
V=57 A /

19. 2t — 1, by Theorems 2.3.2 and 2.3.5.

1 1
20. 3 32 by Theorems 2.3.3, 2.3.4, and 2.3.5.

21. dy/dz =1+ 2z + 32? + 423 + 52t dy/dx|,_, = 15.

dy -3 2 1 d
22, YW _ T2 2 L1490+ 322

Y
= — =0.
dr x4 23 22 Tdx|,_

1
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23. y=(1-2")(1+2")(1+2") =(1-a)(1+a") =1-2"

d

24. dy/dx = 202" 4 202° + 20z* + 2023 + 20z + 20, dy/dz|,_, = 120

(1) = f(1) _ —1.299 — (-1)

25. f'(1) ~ =7 0.1 = ~299, 1)
by differentiation, f/(1) = (3z% — 62)],=1 = —3.
I 0.1 0.01
f(1+h2‘f(1) —2.99 | —2.9999
5 —0.1 | —0.01
FO+ hf)L —F) 1599 | —2.9999
- 01 0.01 0.01
26. f(1+h2—f(1) —1.2434 | —1.4705 | —1.4997
- —0.1 | -0.01 |—0.001
O+ hf)L — S sss7 | —1.5305 | —1.5003

By differentiation, f/(1) = (% . (—3x_4))|m L= —%.

0.995

1

1.005

3.0152F

29851 L.

13.0152

112.9851

27. 0.995

1

1.005

f)~

~
~

FOLOT) = £(1) _ —1.029999 — (1)

Y
i —82", dy/dzx|,_, = 8.

0.01

29851 — 3.0152 _ —0.0301 _

0.01

flx)=a4+227% f(z) =1—4273; /(1) = -3.

0.95 1 1.05
3.025F ‘ 33,
3.t 13.
2.975. ‘ 2.
28. 0.95 1 1.05

fla) = 2ot 4 20 fa) =

2

025

975

fla)~

0.01

3.025-2.975  0.05 1

1
qu/z

29. 32t, by Theorems 2.3.2 and 2.3.4.

30. 27r, by Theorems 2.3.2 and 2.3.4.

31. 3772, by Theorems 2.3.2 and 2.3.4.

2

32. -
3

0.1

4

6
B+ @, by Theorems 2.3.2, 2.3.4, and 2.3.5.

0.1
1
+ 7:1779/10; f/(].) _

)

1

5

0.01

2.9999, and

d
33. True. By Theorems 2.3.4 and 2.3.5, %[f(x) —8g(z)] = f'(x) — 8¢’ (x); substitute x = 2 to get the result.
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34

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

d
True. d—[ax3 + ba? + cx + d] = 3ax® + 2bx + c.
x

= (Af'(x) +32%)| _, =4f'(2) +3-2% =32

r=2

False. % [4f(x) 4+ 27

r=2

False. f(z) = 2% —2® so f'(z) = 62° — 322 and f”(z) = 302* — 6z, which is not equal to 2z(4z3 — 1) = 8z* — 2x.

av. 9 av _ 2

(a) = = 4rr (b) |~ 47(5)* = 1007
dA Vv

@ g p
d\ 1500 m/s

3
(b) I~ 7100 cycles/9)z =355 m/cycle per cycle/s = —0.15 m/cycle per cycle/s

<

I
b

Il

5(x+3),y=2+5(x+3)

y+VT=—5(—4),y=—VT-3(@—4)

(a) dy/dx =212% — 10z + 1, d*y/dz* = 422 — 10 (b) dy/dx =24z — 2, d*y/dx* = 24
(c) dy/dx = —1/22, d*y/dx? = 2/x® (d) dy/dx = 1752* — 4822 — 3, d?y/dx?® = 7002 — 96z
(a) y =5z — 323 + 8z, dy/dx = 202 — 922 + 8, d%y/dx* = 6022 — 18z

(b) y=Tx —26,dy/dx =T7,d*y/dx* =0

1 3 1
(c) y= oz 2% dy/dl"——ﬁ

(d) y=10z* + 23 — 322, dy/dx = 402> + 3% — 6z, d*y/dx? = 1202° + 62 — 6

- Z, d*y/dz? = 273

(a) v = =520+ 52ty = 30077 + 2023, v = —2102~8 + 60>
(b) y=a~ly =—a7%y" =227° y" = 627"
(¢) ¥ =3az?+b, y" =6azx, y" = 6a

(a) y/ _ 15%4 + 4’ y// — 60$3, yI// — 180$2
(b) ¥ = —10276 —3z72, ¢/ =602~ 7 + 623, y" = —420z~8 — 18z~*
(c) v =4ax® + 2bx, y"’ = 12az? + 2b, y" = 24ax

(a) f'(z) =6z, f'(z) =6, f"(x) =0, f["(2) =0

dy 4 d*y 3 d?y

A _ — 72 12 -8, — =112
(b) 7 302" — 8z, Ir2 0z — 8, |,

d 3 —4 & -3 -5 & -3 -6 d* -3 -7 d* -3
(a) v = 1623 + 622, v’ = 4822 + 12z, vy = 96x + 12, y"'(0) = 12
dy . d%y e A3y . dYy s dYy

b) y=6r"% = = -2427° —— =1200" %, -2 = —7202" ", —= = 504028, —= = 5040
(b) y =627, dz TR s R Tt o1
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47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

y' =423 + 322 + 4,y" = 1222 + 62, and ¢y = 24z + 6, so 2%y"" — dxy” + 6y’ = 2%(24x + 6) — 42(1222 + 67) +
6(4z3 + 322 + 4) = 2423 + 622 — 4823 — 242 + 2423 4 1822 + 24 = (24 — 48 + 24)2® + (6 — 24 + 18)2% + 24 = 24

Y =dx® — 2073 " = 1202 + 6274, and v = 24x — 242>, so 2%y + xy” — 9y’ = 2%(24x — 2427°) + (1222 +
6274) — 9(4a® — 2273) = 2423 — 24273 + 1223 + 6273 — 362° + 18273 = (24 4+ 12— 36)z> + (—24 +6 + 18)z 3 =0
. . dy dy 9 .
The graph has a horizontal tangent at points where —— = 0, but T 3x+2=(x—1)(z—2)=0ifx =1,2.
x x
The corresponding values of y are 5/6 and 2/3 so the tangent line is horizontal at (1,5/6) and (2,2/3).

0 3
1.5 ‘ ‘ 1.5

Find where f'(z) =0: f'(z) =1-9/2% = 0, 22 = 9, z = £3. The tangent line is horizontal at (3,6) and (-3, —6).
-6 6

T NI
—157/_\ L. 415

The y-intercept is —2 so the point (0, —2) is on the graph; —2 = a(0)? + b(0) + ¢, ¢ = —2. The a-intercept is 1 so
the point (1,0) is on the graph; 0 = a + b — 2. The slope is dy/dx = 2ax + b; at = 0 the slope is b so b = —1,
thus a = 3. The function is y = 322 — x — 2.

d
Let P(z0,y0) be the point where y = 22 + k is tangent to y = 2x. The slope of the curve is d—y = 2x and the slope

B
of the line is 2 thus at P, 2zg = 2 so g = 1. But P is on the line, so yg = 2x¢ = 2. Because P is also on the curve
weget yo=a3+ksok=yo—22=2-(1)2=1.

The points (—1,1) and (2,4) are on the secant line so its slope is (4 — 1)/(2 4+ 1) = 1. The slope of the tangent
linetoy=a2isy =2rso2x=1,x=1/2.

The points (1,1) and (4,2) are on the secant line so its slope is 1/3. The slope of the tangent line to y = \/z is

y' =1/(2v/x) so 1/(2y/x) =1/3,2\/z =3, 2 = 9/4.

y' = —2z, so at any point (xg,yo) on y = 1 — 22 the tangent line is y — yo = —2xo(x — z¢), or y = —2xox + 23 + 1.

The point (2,0) is to be on the line, so 0 = —4xg + 23 + 1, 23 — 429 + 1 = 0. Use the quadratic formula to get

44416 -4
To = —s = 24+ +/3. The points are (2 + V3,6 — 4\/5) and (2 — V3, -6+ 4\/5)
Let Py(z1,ax?) and Py(wo,ax?) be the points of tangency. 3’ = 2az so the tangent lines at P, and P, are

y — ax? = 2az1(z — x1) and y — ax3 = 2axs(x — x2). Solve for = to get @ = $(z1 + x2) which is the z-coordinate
of a point on the vertical line halfway between P; and Ps.

y' = 3ax? + b; the tangent line at z = z¢ is y — yo = (3az + b)(z — x0) where yo = az} + brg. Solve with
y = ax> + bz to get
(ax® + bx) — (ax} + bxo) = (3azd + b)(x — z0)
ax3 + br — axd — brg = 3axdxr — 3axd + bx — bxg
23— 3adr + 223 =0
(x — z0) (2 + 239 — 228) =0
(x — 20)%(x + 220) = 0, s0 z = —270.
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58

59.

60.

61.

62.

63.

64.

65.

66.

67.

Chapter 2

. Let (w0,%0) be the point of tangency. Note that yo = 1/zg. Since y’ = —1/x2, the tangent line has the equation
1 1 1 1 2 2

y—yo = (—1/z2)(x —x0),0r y — — = ——5T+ — or y = ——x + —, with intercepts at (O, ) = (0, 2yp) and
Zo n) Zo n) Zo i)

(210,0). The distance from the y-intercept to the point of tangency is v/(zo — 0)2 + (yo — 2y0)2, and the distance
from the z-intercept to the point of tangency is \/(xo —2x0)% 4 (yo — 0)2 so that they are equal (and equal the
distance \/x3 + y3 from the point of tangency to the origin).

1 T 2
y = ——5; the tangent line at z = x¢ is y — yo = —— (% — ), or y = —— + —. The tangent line crosses the
x x§ x5 o

1
x-axis at 2z, the y-axis at 2/x, so that the area of the triangle is 5(2/%0)(21’0) =2.

f'(z) = 3ax®+2bz+c; there is a horizontal tangent where f’(z) = 0. Use the quadratic formula on 3ax?+2bx+c = 0
to get = (—b £ vb% — 3ac)/(3a) which gives two real solutions, one real solution, or none if

(a) b*—3ac>0 (b) > —3ac=0 (¢) b —3ac<0
F=cmar—2, 2~ _ogmaps = 26mM
dr r3

dR/dT = 0.04124 — 3.558 x 10757 which decreases as T increases from 0 to 700. When T = 0, dR/dT =
0.04124 Q1 /°C; when T = 700, dR/dT = 0.01633€2/°C. The resistance is most sensitive to temperature changes at
T = 0°C, least sensitive at T' = 700°C.

Since dT/dz = (1/2)0.4532~1/2 = 0.2265/+/Z, we have dT'/dz|,—g = 0.2265/3 = 0.0755 s/m.
Since dr/dt = (2/3)1.93t=/3 = 3.86/3/t, we have dr/dt|;—o.602 = 3.86/3/0.602 ~ 1.52 (10° km/day).
f'(z) =143 >0o0n (—o00,—2) and (0, +00).
—6 6
1000~ 4 T 110
W
—6 6

flz)=202+20—4=22*>+2—-2)=2(x+2)(x —1) =0 when x = —2 or z = 1; f’(z) > 0 on (—o0, —2)
and (1, 400).

-5 5

30 i / 30
30/ 1-30

1 1
f(1) = 5(2 +7)=3; lim f(z)= lim 5(21‘3 +7)=3; lir§1+ f(z) = lim (2% + 4x) = 3;
T—r

r—1— r—1— r—1+

lim f(z) = lim f(x)= f(1), so f is continuous at x = 1.
z—1- z—1+
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68.

69.

70.

71.

72.

73.

74.

lim f'(z) = lim 22% =2; lim f'(z) = lim (—2z +4) =2, so f is continuous at z = 1 and
z—1- z—1- z—1+ z—1+t

lim f'(x) = 2, so f is differentiable at = = 1 and f’(1) = 2.

r—1

f(=1)=34+4=7; lim f(z)= lim (32 +2z)=1; lim f(z)# f(—1),so f is not

r——1" r——1" r——1"

continuous at x = —1. Hence, f is not differentiable at z = —1.

f is continuous at © = 1 because lim f(z) = hHllJr f(z) = f(1). Also, lim f@) = /(1)

z—1— r—>1— r—1

— f(1

of % at = 1, namely 2z|,_, = 2, while lim f@) = 1)
- x—>1+ r—1

equals the derivative

equals the derivative of \/z at z = 1, namely

1 1
SN =3 Since these are not equal, f is not differentiable at z = 1.
4 . L 15, 3 L s 4N\
f@) =1-—7 =1 lim f(z)= lm <81’ - 4“"> =1 lim f(z) = lim (1 - \/:?) =5
1 3 1
xl_iﬁl— flx)= zlfﬁi f(x) = f(4), so f is continuous at = = 4. $l_igll_ f(z) = xl_i)ril_ (490 — 4) =7

NI

1
lim f'(z) = lim (227%/%) = 7% f is differentiable at * =4 and f'(z) =

z—4+ z—4t

(a) f(x) =3x—2ifx > 2/3, f(x) = -3z +2if x < 2/3 so [ is differentiable everywhere except perhaps at

2/3. fi ti t 2/3, al li "(z) = i —3)=—-3and li ") = i 3)=3 i t
/3. f is continuous at 2/3, also szI}lsf (=) m~>12n/13*( ) an 1%121’?13*’ () $H1211/13+( ) so f is no

differentiable at x = 2/3.

(b) f(z) =2 —4if |z| > 2, f(z) = —2® + 4 if |z| < 2 so f is differentiable everywhere except perhaps at +2.

f is continuous at —2 and 2, also lirél_ f(x) = 111121_(—295) = —4 and 11I§1+ fl(z) = 1iI£l+(2.')3) = 4 so f is not
differentiable at x = 2. Similarly, f wi:not differengtci_a)ble at © = —2. o o
() £/@) = (a2, /(@) = (2 Da~, (@) = =(3-2- Da~ f0(a) = (1O ]
(b) () = —207%, (@) = (3- D", 7 (a) = —(4-3-2)a%s [0 (a) = (-1 LEDD D 02
(a) 2 2
et @) = 4 | flef @] = £ e @] = e | U] =517
2 2 2
U@+ 9@l = [ L1 + 9] = - [ L1+ Ll = U]+ 1516w

(b) Yes, by repeated application of the procedure illustrated in part (a).

o 1) = 11(2)

e R (2); f(x) = 82" — 2, f"(x) = 5625, so f"(2) = 56(2°) = 3584.
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75. (a) f'(z) =na" L, f(z) =n(n—1)z" 2, f"(x)=nn—-1)(n-2)z"3,..., f(z)=nn—-1)(n-2)---1
(b) From part (a), f*)(z) = k(k —1)(k —2)---1s0 f*TD(z) = 0 thus f™)(z) =0if n > k.
(c) From parts (a) and (b), f(™(z) = a,n(n —1)(n —2)---1.
76. (a) If a function is differentiable at a point then it is continuous at that point, thus f’ is continuous on (a,b) and
consequently so is f.
(b) f and all its derivatives up to f(*~1)(z) are continuous on (a,b).
77. Let g(z) = 2", f(x) = (max + b)". Use Exercise 52 in Section 2.2, but with f and g permuted. If g = ma1 + b
then Exercise 52 says that f is differentiable at 1 and f'(21) = mg’(2¢). Since ¢'(z¢) = nz ", the result follows.
d 2 d 2 1 - .
78. s [(42 —5)*] = s [162% — 40z + 25] = 322 — 40 = 8(4z — 5) = 2-4 - (4 — 5)', as predicted by Exercise 77.
x x
d 4 d 4 3 2 3 2 3 2 3
79. - [(2z+1)%] = %[16x +322° +242° +8x+ 1] = 642> + 962" +48x+8 = 8(8z” +122° + 6+ 1) = 4-2- (22 + 1),
as predicted by Exercise 77.
80. f(z) = (22 —3)1, 80 f(2) = (~1)-2- (20— 8) 2 = ——2__
’ (2x — 3)?
81. f(z) =32z +1)"2s0 f'(x) = 3(=2)2(2x + 1) 73 = —12/(2z + 1)3.
(x + 2) + 5 -1 / —92 _5
82. =— =1 . 2 = -1-(-1)- 2 = .
fla) = TR — 15 (@427 50 £(o) =051 (<1)- (0427 = s
2x2 + 4 241
83. f(z) = T2 o (1) s0 f(n) = —2(w+ 1) = —2/(w+ 1)%.
(x+1)
84. (a) If n =0 then f(z) =2° =1so f'(x) = 0 by Theorem 2.3.1. This equals 0z°~!, so the Extended Power Rule

holds in this case.

NN | C o O R (GO N VICR o D s VE A e G )
(b) i) = lim =————— = liy h = ey

= li w i _; _i( 7n) _i _ m—1 _i _ —m—1 __ n—1
=0 h i zm(z+h)m ) dr v 2m ) M g2m ) T T e

Exercise Set 2.4

1.

2.

(a) flx)=222+2—1, f'(z) =4z +1 ) fllz)=E+1)-2)+2z-1)-(1)=4x+1
(a) f(z)=3z*+522 -2, f'(z) =122 + 10z (®) f'(z)=(3z%—1)-(2z) + (2® 4+ 2) - (6x) = 122 + 10x
. (@) f)=2*-1, f'(z) =423 (b) fl(x)=(22+1) (2z)+ (2% — 1) - (22) = 423

(@) f(x)=2%+1, f'(z) = 322 ®) flx)=(z+1)2z—1)+ (z? —z+1)- (1) = 322

. fl(x) = (322 + 6)i (230 — 1) + <2x - 1) 1(3:52 +6) = (322 +6)(2) + (235 - i) (6x) = 1822 — gx +12

dx 4 4 ) dx

fl(x) = (2 -2+ 2)%(51‘2 + 1) + (52 + 1)%(1‘3 — 22 +2) = (2% — 2% +2)(102) + (522 + 1)(32% — 22) =

252* — 2023 + 322 + 18z
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7.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

fl(x) = (23 + 72? — 8)1(2:1773 +a7 )+ (2273 + x74)i(x3 + 72 — 8) = (23 + 72® — 8)(—6x7* — 4x7)+

dx dz
+(2273 +274)(32% + 142) = —15072 — 14273 + 4827 % + 32275

()= (et 33_2)%(39(;3 +27) + (3% + 27)%(1’_1 +a7) = (@t 27292 + B2 +27)(—2 72 —2073) =

3+ 6x — 2722 — 54z 3

fl(x) = (z - ?,)%(x2 + 32 +9) + (2® + 3z + 9)%@ —3) = (x—3)(22 + 3) + (2® + 3z + 9)(1) = 32*

fl(z) = (2® + 2:17)%(9:2 —2) + (2 - 2)%@5 +2x) = (23 + 22)(2z) + (2* — 2)(32? +2) = 52? — 4

() = (22 + 1)L Br+4)— Bz +4)L (22 +1) _ (22 4+1)-3— 3z +4) -2z _ —322 -8z +3

(22 1 1) (221 1)2 (@2 +1)2
oo (@222 +5) L (2?) — (0?) L (at + 227 +5) (2t 4222 +5) - 20 — 2%(4a® +4w) 225 — 102
Flz) = (a* + 222 4 5)? B (xt + 222 +5)2 T (2t 222+ 5)2

by (Br— 4)L(2%) — 22 L3z — 4) _ (Brx—4)-20—-2%-3 32?8z
fla) = (32 — 4)2 - (32 — 4)2 T (Br—4)2
o) = (22 — 5)4L (322 + z) — (32% + z) L (22 — 5) _ (22-5)(6z+1)— (32® +2) 2 62°—302—5

(2z — 5)2 (2z — 5)2 (22— 5)2

223/2 4 ¢ — 22/%2 — 1
x) =
x4+ 3

, SO

vy (w+3)E (2232 4 — 222 — 1) — (2032 2 — 202 - 1)L (2 43)
fix) = =

(x+3)2
(2 43)- (B2l -2 — (2032 - 2212 - 1)1 2%2 4+ 102Y/2 + 4 — 3271/2
(x +3)? (x +3)?
f@) = —2x3/% — g + 421/% 42 <
2 + 3z ’
Fa) = (22 + 32) L (—22%/2 — 2 + 4at/? 4+ 2) — (—22%/? — z + 42/ + 2) L (2% + 32) _
(22 4 3z)?
(22 +3z) - (=322 — 14+ 227 Y/2) — (—22%/? —x + 42Y/% +2) - (224 3)
(22 4 32)?
2%/ 4 22 — 923/ — 4z — 6212 -6
B (22 + 3x)?

This could be computed by two applications of the product rule, but it’s simpler to expand f(x): f(x) = 14z +
20+ 7o P+ 2072+ 30 3 + 274 s0 fl(x) =14 — Tz~ 2 — 4273 —927% — dz—5.

This could be computed by two applications of the product rule, but it’s simpler to expand f(z): f(x) = 1227 +
32% + 682° + 172" + 40z + 10, so f'(x) = 1082° + 24z7 + 340x* + 682> + 40.

In general, %[9(3&)2} = 2g(z)g'(z) and % [9(2)’] = —[g(2)?g(x)] = g(z)?¢'(x) +g(m)% [9(2)?] = g(x)?g' (z) +
g(x) - 29(x)g' () = 39(x)*¢' (x).

Letting g(z) = 27 + 22 — 3, we have f’(z) = 3(z” + 22 — 3)%(72% + 2).
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

In general, %[9(1)2} = 2g(x)g'(2), so ——[g(x)"] = — {(Q(I)Q)Q} =29(2)* - ——[9(2)?] = 29(2)” - 29(2)g' () =
4g(x)°q' (x)
Letting g(z) = 23 + 2, we have f/(z) = 4(23 + 2)3 - (322) = 1222 (23 + 2)3.

dy _(@+3)-2-(20-1)-1_ 7 dy| _ T
de (z+3)2 C(x+3)2 T de|,_, 16
dy (2 +3)-5— (52 —2) (22 o W _4-5-3-2 7
dr (22 + 3)2 U dw|,_, 42 )
dy (3z+2\ d , 4 _5 d (3x+2\ (3rx+2 _6 _5 r(3) — 3z +2)(1)]
2= () G e e g (B7) = (B o ey [
3z +2 _6 _5 2 dy
( " > (=527°%) + (7> +1) (152), so - T 5(=5) 4+ 2(—2) = —29.
dy 7 oy d (z—1 -1\ d , 7 o 7o E@+)A) - (z-1)1)
2= (22" —2?)— [ — ) — (227 — %) = (227 —
dz (2 z)dx (;13—}—1>+<33—|—1)d30(j7 v) =@~ (x +1)2 +
z—1 2 r—1 dy 2 1
1420 — 22) = (227 — 22) - 142°% — 22); so —— =2-1)= 14-2)=—.
+(x+1)( x z) = (227 — 2?) (x+1)2+<x+1>( x x); so i), ( )4—|-O( ) 5
1.555 1 1.551
1.501 7 ) j ) ™ 1.501
15 \ 15
1.500 1.500
1.555 1 1.551 (1) ~ 1.4995 — 1.5005 — 1
0.002 2
f,(x)_(m2+3)~1—(:c+5)~(2:13)  —2?— 10z +3 _ 1
(2 4 3)? w1 (@243 [op 2
0.999 1 1.001
1.501 ' ' ' 41.501
1.5+ 11.5
1.499 ¢, , . , 11.499
059 1 o0 (1)~ f(1.07) — f(0.93)  1.5105 - 1.4895 3
0.014 0.014 2
o) = (z% 4 3) - (921/2) — (62°/2) - (22) =322 4 2721/2 3
B (x2 + 3)2 x=1 B ((E2 + 3)2 x=1 B 2
(@) 9'(a) =Vl (@) + 5= f(a), 6 (4) = (2)(=5) + 1(3) = —37/4.
zf'(z) — f(x 4)(=5)—3
() o) = TEIE gy - OEDZI g

(a) ¢'(x) =62 —5f"(x), g'(3) =6(3) — 5(4) = 2.

2f(z) — 2z 4+ 1) f'(x)
3 (=)

(a) F'(z)=5f"(x) + 2¢'(x), F'(2) = 5(4) + 2(-5) = 10.

(b) ¢'(z) =
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30.

31.

32.

33.

34.

35.

(b) F'(z) = f/(x) 3¢/ (x), F'(2) = 4~ 3(~5) = 19.
(€) F'(x) = f(a)g/(2) + g(a) (@), F'(2) = (~1)(=5) + (1)(4) = 9.

(d) F'(z) = lg(@)f' (@) ~ f(2)g ()] /g*(x). F'(2) = [(1)(4) — (~1)(~5)]/(1)2 = ~1.
(a) F'(x) = 6'(x) — 5g'(2), F'(x) = 6(~5) — 5(7) = —65.

(b) F'(z) = f(z) +g(x) +z(f(x) + ¢ (x)), F'(r) =24+ 3+7(-5+7) =27 +5.
(€) F'(x) = 2f(a)g/ () + 2 (x)g() = 2(2)(7) +2(~5)(3) = 2.

(g @) — S ) (435 - T
(@) £ = (45 9@)? = v b

d 2 2)—(z2-1) d
ﬁ: x(x—’_(x)—FQE;U ),ﬁ:OimeJrllirl:O. By the quadratic formula, x =

The tangent line is horizontal at = —2 4+ /3.

—4+16-4
e = 243
5 V3

d 20(z —1) — (22 +1 222 -1
9 _ ze—1) - (@ +1) _— * . The tangent line is horizontal when it has slope 0, i.e. 22 =22 —1=0
dx (x —1)2 (x—1)2

2+ v4+4
2

which, by the quadratic formula, has solutions z = =14+ \/5, the tangent line is horizontal when

x=1++2.

d 2 1) — (22 +1 Zror—1
The tangent line is parallel to the line y = x when it has slope 1. % = 2@ +(1:)+ 1;? +1) L (;+gi)2 =1
if 22 + 22 — 1 = (z + 1)2, which reduces to —1 = +1, impossible. Thus the tangent line is never parallel to the
line y = .

2+1 1
The tangent line is perpendicular to the line y = x when the tangent line has slope —1. y = % =1 oL
x x
1

d
hence % = REETE = —1when (z+2)?=1,2°+424+3 =0, (z+1)(z+3) =0, = —1, —3. Thus the tangent

line is perpendicular to the line y = x at the points (—1,2), (—3,0).

Fix xg. The slope of the tangent line to the curve y =

-1 1 (—
. The tangent line to the curve at (zg,yo) thus has the equation y — yo = (@ = 20)

1 d
1 at the point (wo,1/(wo + 4)) is given by ﬁ =

@+ 42|,_,, (w0 +4)? (zo + 4)2
and this line passes through the origin if its constant term yo — xoﬁ is zero. Then 0 1+ 1= (xo_j-j04)2’ SO
zo+4 = —x9, x0 = —2.

36. y = 2;_:_25 = 23:;__;1;— 1 =2+ %_’_2, and hence % = ﬁ, thus the tangent line at the point (xg,yo)
is given by y — yo = ﬁ(z — xg), where yo = 2 + P If this line is to pass through (0,2), then
2—yg= ﬁ(—xo), xo_i 5= (fox—i)?)y —2p — 2 =g, S0 g = —1.

37.

(a) Their tangent lines at the intersection point must be perpendicular.

1

1
(b) They intersect when — = Sy r=2—x,x =1,y = 1. The first curve has derivative y = so the
x

R
xr2
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38.

39.

40.

41.

42.

43.

slope when x = 1 is —1. Second curve has derivative y = 5 so the slope when x =1 is 1. Since the two

(2—=)
slopes are negative reciprocals of each other, the tangent lines are perpendicular at the point (1,1).

The curves intersect when a/(xz — 1) = 2> — 2z + 1, or (x — 1)® = a,2 = 1 4 a'/3. They are perpendicular when

ﬁ@x —2) = —1, which has the solution « = 2a + 1.
Solve = 14 a'/3 = 2a 4+ 1,2a%/® = 1,a = 273/2. Thus the curves intersect and are perpendicular at the point
(2a +1,1/2) provided a = 273/2,

their slopes are negative reciprocals of each other, i.e.

Fi(z) = (mx +0)f'(x) + mf(x), F'(x) = (mx +b)f" () + mf'(z) + mf'(x) = (mx +b) f"(x) + 2mf' (z).

(a) Using the results from Exercise 39, we get the following: F"'(x) = (mx + b) f"(z) + mf"(x) + 2mf"(z) =
(mz +b)f" (x) + 3mf"(z).

(b) F™(z) = (mx + b)f™ (z) + nmf" 1 (z); this can be proven by induction.

Rp)=p-f'(p)+flp)-1=f(p)+pf(p),so R'(120) = 9000+ 120 - (—60) = 1800. Increasing the price by a small
amount Ap dollars would increase the revenue by about 1800Ap dollars.

R(p)=p-f'(p)+ flp)-1= f(p)+pf'(p), so R'(120) = 8000 + 120(—70) = —400. Increasing the price by a small
amount Ap dollars would decrease the revenue by about 400Ap dollars.

2" (0)— 1+ (na™ Y oon
x2n - xn+1

= —nx

flx) = = 0 f'(x) =

Exercise Set 2.5

1.

2.

10.

11.

12.

13.

f'(x) = —4sinz + 2cosx

f(z) = % + cosx

. f/(z) = 42%sinz — 8z cosx

. f'(z) =4sinzcosx

sinz(5 +sinz) —cosz(5 —cosx) 1+ 5(sinxz —cosx)

4 = =
EAC (54 sinx)? (5+sinz)?
() = (2® + cosx)(—sinz) — cosz(32® —sinz)  —a’sinz — 3% cosx
) N (23 + cosz)? B (23 4 cosx)?

f'(x) = secxtanz — v/2sec? x

. f'(x) = (2% + 1)secatanx + (secx)(2z) = (22 + 1) secx tanz + 27 secx

. f'(x) = —dcscxcotx + csc?

f'(x) = cosx + xseca tanz + secx
f'(z) = secx(sec? z) + (tan x)(sec x tan ) = sec? x + sec x tan?
f'(x) = (cot x)(—sinz) + (cosz)(—csc? z) = — cosz — cot x csc

() = (1 —csca)(—esc?w) — (14 cotz)(cscacotr)  csca(—csca + csc® x — cotz — cot? z)
= 2 —_— 2 )

(1 —cscx) (I —cscx)
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

cscx(l — cscx — cot x)
(1 —cscx)?

2

but 1+ cot? z = csc? x (identity), thus csc?z — cot? z = 1, so f/(x) =

(1+tanx)(secztanz) — (secz)(sec?x)  secxtanz + secrtan® x — secd x

! _ _ _
f@) = (1+ tanx)? (1+ tanz)?
_ secz(tanx +tan® x —sec®x)  secz(tanz — 1)
(1+ tanx)? ~ (1+tanx)?
f(z) = sin®z + cos?x = 1 (identity), so f'(x) = 0.

f'(x) = 2(1 4 secz)(sec x tan ) — 2tan z(sec? z) = 2secz tanz + 2sec’ z tanz — 2sec® x tan x = 2sec  tan .
Alternatively, use the identity 1 + tan?z = sec? z, or 1 = sec? z — tan? z,

so f(z) = f(z) = (1 +secx)? —tan?x = 1 + 2secx +sec’ z — tan? x = 2 + 2secz. Then, f/(x) = 2secx tan .

t
flz) = % (because sinx secx = (sinz)(1/ cosz) = tanz), so
1+t 2x) —t 2 t 1 2z — tan? 1
) = (1+ ztanz)(sec® x) anx[x(s;ec x) + (tanz)(1)] _ sec”x — tan 2&0 _  (because sec?z —
(1+ztanz) (14 ztanz) (14 ztanz)
tan?z = 1).
24+ 1)cot
flx)= @+ Dotz (because cosx cscx = (cosx)(1/sinz) = cot ), so
3—cotx
() (3 —cotx)[2z cotx — (2% + 1) csc®x] — (2% + 1) cotxesc®?x 6w cotw — 2z cot? v — 3(2? + 1) esc? o
xTr) = =
(3 — cotx)? (3 — cotx)?
dy/dx = —xsinz + cosz, d*y/dz? = —rcosx — sinx — sinx = —xcosx — 2sinz
dy/dx = — cscw cot x, d*y/dx? = —[(cscx)(— csc? ) + (cot z)(— cscx cot x)] = cscd x + cscx cot?

dy/dx = x(cosx) + (sinz)(1l) — 3(—sinz) = x cosz + 4sin x,

d*y/dx?® = x(—sinz) + (cosx)(1) + 4cosx = —zsinz + Hcosx

d
ﬁ = (425/?)(=sinz) + (cos z)(102%/?) + cos z = (102%/% + 1) cos & — 42°/? sin x;
d2
d—z = (102%/2 + 1)(—sinz) + cos z(15z/2) — (42°/2)(cos ) — (sinz)(102%/2)
x

= (—202%/2 — 1) sinx + (—425/2 + 152'/2) cos ©

dy/dx = (sinz)(—sinz) + (cosz)(cosz) = cos? z — sin® z,

d*y/dx* = (cosx)(—sinz) + (cosz)(—sinxz) — [(sinz)(cosx) + (sinx)(cos )] = —4sinx cosx
d d?

ﬁ = 2273 4 sec? x; chZ =62~ + (secx)(sec x tan x) + (sec x)(sec x tan x)

=62"* +2sec’ ztanz

Let f(x) = tanz, then f/(x) = sec? z.

(a) f(0)=0and f/(0)=1,s0y—0=(1)(z—0), y =z

(b) f(%) zlandf'(%) —2, soy—l:Q(x—Z),y:Qx—gH.

™

(c) f(—%)z—landf’(—z):2,soy+1:2(x+£>,y:2x+g—l.
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26

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

Let f(z) = sinz, then f/'(z) = cosz.
(a) f(0)=0and f'(0)=1,80y—0=(1)(z—0),y==.
(d) f(r)=0and f'(m)=-1,s0y—0=(-1)(z —m),y=—z +.

s s 1

(©) f(ﬂ’) 1 q f,(w) 1 1 1 ( ) 1 n

c —) = — an —)=—,80y——==—(z—~),y=—0— — + —.
1" Va YA R RV R A VA RV M RN

(a) Ify=asinz then ¢y =sinz + xcosx and y”’ = 2cosx — xsinx so y”’ +y = 2cos .

(b) Differentiate the result of part (a) twice more to get y*) + 4 = —2cos .

(a) If y =cosx then ¢y = —sinz and y” = —cosx, so y”" +y = (—cosx) + (cosx) = 0; if y = sinx then y = cosx
and y’ = —sinx so ¥y’ +y = (—sinz) + (sinz) = 0.

(b) vy = Acosx — Bsinz, y" = —Asinx — Beosz, so y’' +y = (—Asinx — Beosz) + (Asinz + Bceosx) = 0.
(a) f'(x) =cosx =0 at z==+m/2,+371/2.

(b) fl()=1—sinz=0at o =—-37/2,7/2.

(c) f'(z) =sec®x > 1 always, so no horizontal tangent line.

(d) f'(z) =secxtanz =0 when sinz = 0, x = +27, £, 0.

(a) z~0.5,2.6,4.7

0 b4 27
2T 12
=2 i=2
0 n 2n
(b) f(z) = (1 +sinz)(—sinz) + (cosz)cosz = cos’ z — sin? z — sinz = —(2sin® z + sinz — 1)
Y
= —(2sinz — 1)(sinz + 1); f'(z) = 0 implies sinz = g or sinz = —1, soin [0, 27],z = %, %, g

x =10sin6, dz/df = 10 cos 6; if § = 60°, then dz/df = 10(1/2) =5 ft/rad = 7/36 ft/deg =~ 0.087 ft/deg.

5 = 3800 csc b, ds/df = —3800 csc 6 cot 0; if = 30°, then ds/df = —3800(2)(v/3) = —7600+/3 ft/rad = —380+/37/9
ft/deg = —230 ft/deg.

D =50tan®,dD/df = 50sec? 0; if § = 45°, then dD/df = 50(1/2)? = 100 m/rad = 57/9 m/deg ~ 1.75 m/deg.
(a) From the right triangle shown, sinf =r/(r + h) so r+h =rcscf, h = r(cscd — 1).
(b) dh/df = —rcsccot 0; if § = 30°, then dh/df = —6378(2)(V/3) =~ —22,094 km/rad ~ —386 km/deg.

False. ¢'(z) = f(x)cosz + f'(x)sinz

) . . B S s (h) —g(0) .. f(h)sinh . . sinh
True, if f(z) is continuous at x = 0, then ¢'(0) = ;ILIE% h = }lllg% Y = }1’13% f(h) }lngb =
7(0) -1 = £(0).

True. f(z) = ST tanx, so f'(z) = sec? x.
cos T
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

False. ¢'(z) = f(x)- %(secx) + f'(z)secx = f(x)secxtanx + f'(x)secz, so ¢'(0) = f(0)secOtan 0+ f'(0)secO =
f(h)sech — f(0)

8:-1-0+4 (—2)-1 = —2. The second equality given in the problem is wrong: %in%) N = —2 but
—
8(sech — 1
lim M = 0.
h—0 h
d4 . ) d4k ) . d87 ) dd d4-21 . d3 )
— sinz =sinz, s0 — sinz = sinz; ——sinx = — ——-sinz = — sinx = — cos z.
dx? T datk " dd7 dz? dzt21 dx?
100 d4l~c
——— COST = —— COST = COS .
100 dzik
f'(xz) = —sinz, f'(z) = —cosz, f"(z) = sinz, and f®(z) = cosz with higher order derivatives repeating this
pattern, so f(")(z) = sinz for n = 3,7,11,...
f(z) = sinz, f'(x) = cosa, f"(x) = —sinx, f"(r) = —cosx, f*(x) = sinz, and the right-hand sides continue

with a period of 4, so that f(™ (x) = sinz when n = 4k for some k.

(a) allz (b) all z (c) z#7/24+nm,n=0,%1,£2,...
(d) z#nm,n=0,%1,%2,... (e) x#7/24nm, n=0,£1,%2,... (f) z#nm,n=0,+1,%+2,...
(g) e#2n+1)m, n=0,£1,%2,... (h) z#nw/2,n=0,£1,42,... (i) allz
(a) d [ = cos(x +h) —cosx . cosxcosh —sinzsinh —cosx
AP e h = h50 h B
) cosh—1 . sin h . .
= ]112% [cosx (h) —sinz ( - )} = (cosx)(0) — (sinz)(1) = —sin .
d d rcosz sinz(—sinz) — cosz(cosz)  —sin?z — cos?x -1
b —cotxz—[, }: = = = —csc? .
(b) dx[ ] dx Lsinz sin? x sin? sin? x
d d 1 0-cosx — (1)(—sinz) sinz
s — = = = t .
(c) dx [seca] dx Losx} cos? x costp | oowtan®
d d 1 (sinx)(0) — (1)(cosx) cosx
d —_ = — = = — = — t .
(d) o [cscx] I [sinx} Z. . cscx cot x
. . sinw —sinx . 2sin w;x cos “’;z . sin “’;m w+ x
—ginz = lim ——— = lim = lim —=— CoS =1-cosx =cosz.
dx W w—=x wore w— T wor YT 2
d _ _2 L2 w—x S. w—+x S w—x
—[cosz] = lim COSWTERT _ iy sin(*5*) sin(*3*) = — lim sin T) lim 22 2~ — —sinz.
dzx w—ax w— w—z w— w—z 2 w—z “’2 z
(sinh) <sinh>
tan h cosh h 1
1' — 1. = 1 = - = 1.
(2) a0 h ) h h—0 cosh 1
tanz + tanh ¢
—————— —tanz
(b) i[tanx] ~ lim tan(z + h) — tanz _ iy L—tanztanh — lim tanz + tan h — tanz + tan® z tan h _
dx h—0 h h—0 h h—0 h(1 — tanz tan h)
tanh . tanh
i tan h(1 + tan® ) ) tan hsec? x 21 n 9 A TR 9
im = lim =sec” z lim ——+—— =sec”x = sec” .
h—0 h(1 —tanxtanh)  h—0 h(1l —tanztanh) h—01—tanztanh lim (1 — tanx tan h)

h—0
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. tan(z+y)—tany .. tan(y+h)—tany d 9
48. 1 =1 = — =5 .
B Iy = gyt =5y
. . . sinh T . cosh—1
49. By Exercises 49 and 50 of Section 1.6, we have lim = — and lim = 0. Therefore:
r—0 h 180 h—0 h
d .. . sin(z+ h) —sinz . . cosh—1 . sinh )
(e;;) T [sin ] lim h sing lim — + cosz lim A (sinx)(0) + (cosx)(m/180)
@ Cos .
d . cos(x+h)—cosz . cosxcosh —sinzsinh — cosx . cosh—1 | . sinh
(b) —[cosz] = lim = lim = cosz lim —sinz lim
dz L. B0 - h h—0 h h—0 h h—0 h
0-cosx — 180 sinxy = ~180 sin z.
h) —
50. If f is periodic, then so is f’. Proof: Suppose f(z+p) = f(x) for all z. Then f'(z+p) = ’llimo fetpt+h) - flztp)
o

h

B —
lim flath) = flz) = f'(x). However, f’ may be periodic even if f is not. For example, f(x) = x + sinx is not

h—0 h
periodic, but f'(x) =1+ cosx has period 2.

Exercise Set 2.6

1.

2.

3.

10.

- (a) (fog)(x) =54+ cosz and (fog)'(z) = f'(g(x))g (x) =

(fo9)(@) = F'(g(@))g'(@), 50 (£ 0 9)(0) = [ (s(0)g'(©) = ['(0)(3) = ((3) = 6.
(Fo9)(2) = I'(92))g(2) = 5(=3) = ~15.
(8) (f29)@) = flo(a)) = (22— 3)° and (f 0 9) (2) = F'(g(e))g/ (@) = 522 = 3)"(2) = 10(20 - 3)".

(b) (9o f)(x) =g(f(x)) =22° =3 and (go f)'(z) = ¢'(f(2))f (x) = 2(52*) = 102"

5
24 + cosx

(—sinx).

(b) (5°1)(w) = 4+ cos(5yE) and (9 )'(a) = /() (2) = —sin(5/) 3=

- (@) Fl(z) = f'(9(z))g(z), F'(3) = f'(9(3))g'(8) = —1(7) = 7.

(b) G'(z) =g (f(2))f'(x), G'(3) = g'(f(3))['(3) = 4(-2) = -8.

- (@) F'(z) = f'(g(x))g (), F'(=1) = f'(9(=1))g'(=1) = f'(2)(=3) = (4)(=3) = —12.

(b) G'(x) =g (f(2))f'(x),G'(=1) = g'(f(=1)f(=1) = =5(3) = —15.

f'(x) = 37(2® + 22)3° dd

— (2% +22) = 37(2® + 22)35 (322 + 2).
x

. fl(z) = 7(42* — 5z + 6)%(4%2 — 5z +6) = 7(42* — 5z + 6)(8x2 — 5).

cfl(x) = -2 <x3 — Z>_3 % (3:3 — ;) =2 <x3 — ;)_3 (33:2 + ;)

N 7
fx) = (@B +3z+7)7C f(2) = —6(x8+3x+7)*7%(x8+3x+7) = —6(2®+32+7)""(827+3) = m.
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11. f(z) = 4(32% — 2z + 1)73, f'(z) = —12(32% — 22 + 1)*4di(3:c2 —2r 4+ 1) = —12(32% — 2z + 1)~ 462 — 2) =
X
24(1 — 3z)
(322 — 2z + 1)*

1 d 32 —2
12. —2x+5 _—
Fa) = 0B — 2z + 5 dr g 2wt h) = 23 —2x+5
V3
13. f'(z) = 4+V3zr) = —F——.
2\/4 +V3z dw 4TV 4 + V3

14. f’(z):i(zmﬁ)*‘/‘* <1+2 ;\}) —4(x+2\/5)*3/4 <1+\/15>.

15. f'(x) = cos(1/2> ) (1/ 3 = 7333 cos(1/z?%).

2

1 d 1 sec” x
16. f'(z) = =(tanz)" Y2 —(tanz) = = (tanz) " /?(sec® z) = .
F(a) = gltana) 2 (tan) = 5ana) 2 sec? ) =
/ 6 d 6 . 6 .
17. f'(z) = 42cos x%(cosx) =42 cos’ x(—sinx) = —42cos’ zsin x.

d
18. f'(x) =4+ 20(sin’ l‘)%(sin z) = 4 + 20sin® z cos z.

19. f/(x) = 2cos(3v/a) - [cos(3f )] = —2cos(3v/a) sin(3v/a) - (3\f ) = 3“5(3[?/);“(3\/@.

20. f'(z) = 5tan*(cos ) di [tan(cos x)] = 5 tan*(cos ) sec? (cos x) di (cosx)
x x

= 5tan®(cos z) sec?(cos z)(—sinz) = —5 tan?(cos z) sec?(cos z) (sin ).

21. f/(z) = 4sec(x7)%[sec(ac7)] = 4sec(z”) sec(z”) tan(xﬁ%

: 1) %COS <xf—1> = 3cos” (xf—l) [Sin (mf—l)] (x+(2(i)1)235(1) —

(z7) = 2825 sec?(2") tan(z").

22. f'(z) = 3 cos? <

/ 1 5Sin(51‘)
23. f'(z) = Qde [cos(5x)] = —m.
24. f'(z) = 1 d 30 — sin?(4z)] = 3 — 8sin(4x) cos(4x)'

24/3z — sin? (4x) dx 24/ 3z — sin®(4x)
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-5 d
25. f'(x) = —4 [2° + cot(a® +5)] " - [a7 + cot(a” +5)]
x
_ d
= —4 [2* 4 cot(z” + 5)] ° [2x —cesc?(z® + 5)d—(x5 + 5)}
x
= —4 [z* 4 cot(z® + 5)] - [22 — 53" csc?(2° +5)] .
' 4 2 -5 d gy 2
26. f'(z) = —4 [z* — sec(42® — 2)] . [z — sec(4a® — 2)] =
x
_ d
= —4 2" — sec(42® — 2)] ° [4303 — sec(4x? — 2) tan(42? — 2)d—(4x2 - 2)} =
x
= —16a [z" — sec(42® — 2)]_5 (2% — 2 sec(4a® — 2) tan(4z?® — 2)].
d d
27. d—y = 23(2sin 5x)d—(sin 5x) + 3x? sin® 5z = 1023 sin 5z cos 5z + 327 sin? 5.
x x
28 dy _ Vi |3tan® (V) sec2(\/gf)L + ——tan®(Vz) = §tan2(\/gf) sec? (/) + 1 tan®(v/z)
" dx 2y/z| 2y 2 2\/x '
dy 1 1\ d (1 1\ d,,
29. % = X SsecC (12> tan <:L‘2> % ({L'Q) =+ sec <$2) %(l’ )
1 1 2 1
= 2% sec <$2> tan <x2> (_m?’) + sec <x2> (42°)
1 1 1
= —2xsec <:cz> tan (:cQ) + 4% sec (x2>
d 3 1 — 3si 3 1) tan(3 1
30. % = sec(3z + 1) cosx — 3sina sec(3z + 1) tan(3z + 1) = cosz cos(3z + 1) — 3sinzsin(3z + 1).
dz sec?(3x + 1)
31 dy _ _ sin(cos m)i(cos x) = —sin(cos z)(— sin z) = sin(cos z) sin
Cdr dx o o '
32. dy _ sec2(sin4x)i(sin4x) = 4sec?(sin 4x) cos 4z
dx dx
d
33. d—y = 3 cos?(sin 2x)d—[cos(sin 2x)] = 3 cos?(sin 22)[— sin(sin 2x)]d—(sin 2x) = —6 cos?(sin 22) sin(sin 2z) cos 2z.
x x x

dy  (3-— esc(z?))(—4a® cse? (z)) — (3 + cot(a?)) (423 csc(z?) cot(z4))

34. dr (3 — csc(x4))?
_ —423(3 — csc(z?)) esc?(x?) — 423(3 + cot(z?)) esc(z?) cot(z?)
(3 — csc(zt))? '
dy d d -1
85. — = (5r+ 8)7%(1 — V)b + (1 - \/E)f‘%(&c +8)" = 6(5x +8)7(1 — ﬁfﬁ +7-5(1 — x)%(5z + 8)5 =
\_/—;(533 +8)7(1 — V)5 + 35(1 — /x)%(5z + 8)°.
36. % = (4x + 5)6% cos’ 8 + cos’ 833%(4;10 +5)¢

d d
= —T7(4x + 5)% cos® 8z sin Sm%Sx + 6(4a + 5)° cos” 8x%(4m +5)

= —56(4z + 5)° cos® 8 sin 8z + 24(4x + 5)° cos” 8.
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37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

@_3[35—5]2d[x—5}: {x—5]2_( 11 33(x—5)?

de ~ |2z +1] dz|22+1 21 + 1 20+1)2  (2z+ 1)t

1-22)2

@ = 17 1+a° wi 1+ a2 = 17 1+ 2? \ (1—2%)(22) — (1 +2°)(—2x) — 17 1+ 22 0 4x
dx 1—22) do \1—a? 1—22 (1 —22)2 1—22) (

(1—22)18
dy (422 — 1)3(3)(2z + 3)%(2) — (2z + 3)3(8)(42® — 1)"(8z)  2(2x + 3)%(4x? — 1)7[3(42? — 1) — 32z(2z + 3)]
dr (422 — 1)16 B (422 —1)16 N
2(2x + 3)%(522” + 96 + 3)
(422 —1)° ’
dy _ 12[1 + sin?’(:r‘r’)]ni[l +sin®(2%)] = 12[1 + sin®(2°)]''3 sinQ(:c‘r’)i sin(z%) =
dx dx dz
= 1802 [1 + sin®(2®)]" sin?(2°) cos(z°).
dy . . dy . .
i cos3r — 3zsin3z; if * = 7 then el —1 and y = —m, so the equation of the tangent line is
x x
y=—-n—(r—m) ory=—uz.
d - d
= (7 — 32%) cos(Tx — 2%); if © = —3 then cTy = —20cos6 and y = sin 6, so the equation of the tangent line is
x

y =sin6 — (20 cos6)(z + 3).

d d

d—y = —3sec’(1/2 — x)tan(r/2 — x); if * = —7/2 then d—y = 0,y = —1, so the equation of the tangent line is
x x

y=—1.

d 6\° 12 d 5 1
Yo 4 (x— ) (1+ 3>; if x = 2 then d—y = — and y = —, so the equation of the tangent line is
x x

dx x? 4 16
1 5
=— 4+ —(x—2).
y=15 T3
dy_ secz(4x2)i(4x2) = 8xsec? (4x?) dy = 8y/msec?(4r) = 8y/m. When x = /7, y = tan(4r) = 0, so
dz dx R P ’ ’

the equation of the tangent line is y = 8y/m(z — /7).

d d d 2
ﬁ =12 cot2(2x)% cot(2x) = —24 cot?(2z) csc?(2z), ﬁ e = —%.
™ 4 4 32 T
When x = —, y = ——=, so the equation of the tangent line is y = —= — — (x — —) .
6 () 33 q g Y 373 3 6
@*Qx 57x2+x72(72x) dy =4—-1/2="7/2. When z = 1,y = 2, so the equation of the tangent
dr W b = . =LYy=2 q g

7
line isy:2+§(ac—1).

dy 1/2—z\ P @2-2?)(-1) - (2—2)(-322) dy 1 _
da:_3<2—x3) 2= %) , %x:(]:fé. When z = 0,y = 1, so the equation of the
tangent lineis y =1 — —x.

6
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49. Y _ o sin(52))-L (52) + cos(5z) — 2sinz-L (sinz) = —5asin(5z) + cos(5z) — 2si
. —= =z(—sin(bx))— - — = —bzs cos - =
Iy 7 (52 x ing—(sinz x sin(bx x sinx cos
= —bxsin(5z) + cos(bx) — sin(2x),
2y d , , d d .
i —bx cos(5x)@(5x) — 5sin(bx) — 8111(556)%(53:) — cos(2x)£(2x) = —25z cos(bx) — 10sin(5z) — 2 cos(2x).
50. % _ cos(3a:2)i(3x2) = 62 cos(3z?%) Ly _ 62(— sin(sg;?))i(:sx?) + 6 cos(3z?) = —3627 sin(3x2) + 6 cos(3x?).
dx dx " dx? dx
dy (1-a)+(1+wx) 2 —2 d*y -3 -3
Ir e e (1—z)"“ and In2 22)(-1)(1 —2) 4(1 —x)
dy (2N d [(2\ 6 ,(2
52. T = Sec <x3> e (m3)_ 1 sec (1:3)
@*fgise@ 3 + sec? 3 i fﬁ *ESGCQ 3 ta 3 +%se02 3
de? xidx x3 23 ) de \ %) 2B 23 ) x® z3 )
53. y = cot®(m — ) = —cot® 0 so dy/dx = 3 cot? § csc? 0.
54 d\ 1 (au+b 71/2& au+b) 1 [ au+b —1/2 (cu+ d)a — (au + b)c
Tdu 2 \cu+td de \cu+d) 2 \cu+d (cu + d)?
1<au+b>1/2(adbc> ad — be
T2 \cu+d cut+d)?) / '
( ) 2(cu + d)? ou+b
cu+d
55. %[a cos® mw + bsin® mw] = —2ma cos mw sin w + 27bsin 7w cos Tw = 7(b — a)(2sin 7w cos Tw) = (b — a) sin 27w.
56. & _ o (z_y)i (z_g) _zsecz(ﬁ_y>t (,_y)
" dy 4 3/4d 43 3 43 43
-2 2
3 3
-3 -3
57. (a) 2 2
-2 2
3 13
—x 4 — 222 _3/ ‘ ‘ \_3
c) fllz)=r—=+Vi—1?>= ——. —2 2
(©) o)== i
2 2
d 1) = /3 and f'(1) = — so the tangent line has the equation =V3+ —(x—1).
(d) f(1) 1 7 g q y \/3( )
-2 1 2
3 13
-3 7 ‘ -3
-2 1 2
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31

59.

60.

61.

62.

0 3
1 1
-1 A-1
(a) 0 3
0 3
1F 1
-1 -1
(b) 0 3

(c) fl(z)= —(Qe—1) sin(/x? — x + w3 /27)

3(z2 —x + 73 /27)2/3

(d) f(1) = cos(Y12—1+m3/27) = cos(r/3) = 1/2; f'(1) =

-1 3V3
——— sin(r/3) = -
3G/ae Y = o
1
The equation of the tangent line is y = 5~ ?;ig(x - 1.
T

0 1 3
1 ' 1
-1 , -1
0 1 3
d L dy  f'(z)
False. — = —
das[\/Zﬂ 2/ydx 2 f(x)

False. dy/dxz = f'(u)g'(z) = f'(g9(x)) ¢'(x).

False. dy/dx = —sin[g(x)] ¢'(x).

d dy dv d
True. Let u = 323 and v = sinu, so y = v3. Then &y _ yeven
dr dvdudzr

2727 sin?(32%) cos(323).

-0 -1

3(12 — 1+ 73/27)

373 sin(y/12 =14 #3/27) =

= 302 (cosu)-92% = 3sin?(323) - cos(3z3) - 922 =
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63.

64.

65.

66.

67.

68.

69.

70.

d

% = 0.0043(3)(0.52 —1)2(0.5) — 0.01 = 0.00645(0.52 — 1)? —0.01, w’(36) ~ 1.85405; A catfish whose length differs
from 36 inches by Az inches has weight approximately 1.85405Az pounds more than that of a 36-inch catfish.

w

75
50 -

25

X

0 I I I I I
0 10 20 30 40 50 60

58t — 31)(2.26t — 12
0.58+/1.13t2 — 120¢ + 4700 — (0.58¢ — 31)(2.26 0)
2v/1.1312 — 120t 4+ 4700

B (t) = 1138 130t + 4700 ; h'(60) ~ 0.01417 mm/yr

30 40 50 60 70 80 90

hl T T T T T T
1. 11
0.8 038
0.6 06
0.4 404
021 702
0 | | | | | | | 0

30 40 50 60 70 80 90
(a) dy/dt = —Awsinwt, d?y/dt? = —Aw? coswt = —w?y

(b) Omne complete oscillation occurs when wt increases over an interval of length 27, or if ¢ increases over an
interval of length 27 /w.

() f=1/T
(d) Amplitude = 0.6 cm, T = 27/15 s/oscillation, f = 15/(27) oscillations/s.

dy/dt = 3Acos3t,d%y/dt? = —9Asin3t, so —9Asin3t + 2Asin3t = 4sin3t, —TAsin3t = 4sin3t, —7A = 4, and
A= 47

I
By the chain rule, di {\/x + f(x)} = Hif(x) From the graph, f'(—1) = 4 and f(-1) = 5—é = E Thus,
x

2y/z+ f(z) 3 3 3
d 7/3 76
dx [ :c—i—f(:v)] eeo1 20/3/3 24
. d
2sin(m/6) = 1 and f’(1) = —5 from the graph. Thus, %[f(Zsin:l:)] e (f'(2sinz) - 2cosx) e
(1) 2cos(nf6) = 09 Y3 _ _Bg
2 2 2
(a) p~101b/in?, dp/dh ~ —2 1b/in? /mi. (b) d _ dpdh (—2)(0.3) = —0.6 Ib/in?/s.
dt dhdt
45 dr 45(—sinf + 0.3 cos b)) .

Fe—m0F— —— — = — ; if 6 = 30°, then dF'/df =~ 10.5 Ib/rad ~ 0.18 Ib/deg.
(2) cosf + 0.3sin6’ df (cos @ + 0.3 sin 0)2 ! 30°, then dF/ 0.5 1b/rad ~ 0.18 Ib/deg

dF  dF df
(b) = = == ~ (0.18)(~0.5) = ~0.09 Ib/s.
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71.

72.

73.

74.

75.

76.

e

78.

79.

1
With f(z) = (22 — 1) cos(wz), f(x) = 0 and changes sign at = fg, st %; f(z) = 0 but does not change sign at
1 1 3 d d
z = =. Note that f(z) <0 for —= <2z < =, so —[|f(2)|] = —[—f(2)] = —f'(z) on this interval. In particular,
J 2 ) 2 2 dx dx
%Hf(x)ﬂlz% == —f 3)= 0. Therefore, the following applies.

3 1 3
d —m(2x — 1) sin(nz) + 2 cos(mz), —g<z<-jorg <x <2
122 — 1) cos(ma)]] =

dx 3

3 1
m(2z — 1) sin(wx) — 2 cos(mx), —2<x<—§ o -5 <r<y

d . . .
%(cosx) = %[Sln(ﬂ'/Q —1z)] = —cos(n/2 —x) = —sinz.

(a) For z #0,|f(x)] < |z|, and limo |z| = 0, so by the Squeezing Theorem, lin}) f(z)=0.
r—r r—r

(b) If f/(0) were to exist, then the limit (as « approaches 0) = sin(1/z) would have to exist, but it

f(z) = f(0)
0

doesn’t.

(c) Forz #0, f'(z) ==z (cos 1) <1> Jrsinl = flcosl +sin1.
x

2 x T T T

1
(d) Ifz = Py for an integer n # 0, then f/'(z) = —27ncos(2mn) + sin(2mn) = —27n. This approaches oo as
™
n — —o0, so there are points x arbitrarily close to 0 where f’(x) becomes arbitrarily large. Hence lin%) f'(x) does
r—r

not exist.

(a) —2? < 2?sin(1/z) < 22, so by the Squeezing Theorem 1111% f(z)=0.
—

(b) £(0) = lim L& =10

M T T iii%msin(l/x) = 0 by Exercise 73, part (a).
(c) For z #0, f'(z) = 2zsin(1/z) + 22 cos(1/z)(—1/2%) = 2z sin(1/z) — cos(1/z).

(d) If f'(x) were continuous at © = 0 then so would cos(1/z) = 2xsin(l/z) — f'(x) be, since 2zsin(1/x) is
continuous there. But cos(1/x) oscillates at 2 = 0.

(a) ¢'(z) =3[f(@)*f'(x), g'(2) = 3[f (2 f'(2) = 3(1)*(7) = 2L
(b) W(x) = [/(e%)(32), W'(2) = F'($)(12) = (-3)(12) = ~36.
F'(z) = f'(g(x)g' (x) = /3(22 — 1) + 4 - 22 = 22+/322 + 1.

F'(z) = f'(glx))g'(z) = /' (VB = T)3 J?Zi_l _ (:ffi . \/;ﬁ L

% [f(2®)] = f/(:cg)%(x?’) = f/(2®)(32%), thus f'(2%)(322) = 2z so f'(23) = % if z #0.
%[f(?)x)] = f’(3x)%(3x) = 3f'(3z) = 6z, so f'(3x) = 2x. Let u = 3z to get f'(u) = %u; %[f(a:)] = f'(z) = %ax
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80. (a) If f(~) = f(x), then - [f(~)] = [f(@)], F'(~)(~1) = J'(x), () = ~]'(x) 50 [' is odd.
(b) 1F () = J(@), then -[f(~)] = - [[()], J'(~)(~1) = —'(x), J'(~) = J'(x) s0 1" is even.

81. For an even function, the graph is symmetric about the y-axis; the slope of the tangent line at (a, f(a)) is the
negative of the slope of the tangent line at (—a, f(—a)). For an odd function, the graph is symmetric about the
origin; the slope of the tangent line at (a, f(a)) is the same as the slope of the tangent line at (—a, f(—a)).

J) y )

J')

Y =

/

oo, 10 dy du dv
“dx du dv dw dz’

JAEY)

83. L [F(g(h()] = - [F(glu)], w = h(a), ~-[F(g(w))] T = F(g(w)g'(w) 5o = §'(g(h(a)e/ ()W ().

s d/m s

84. ¢'(x) = f’(§ - x) o (5 - x) = —f'(§ - x), so ¢’ is the negative of the co-function of f.
T

The derivatives of sinz, tanz, and secx are cosz, sec?z, and secxtanx, respectively. The negatives of the

co-functions of these are —sinz, — csc?z, and — csca cot -, which are the derivatives of cosz, cotz, and csczx,

respectively.

Chapter 2 Review Exercises

fA)-fB) _ @2/2-(3)?%2 _T

2. (a) Mgee = g - =3
— 2/9-.9/9 2 _ —
(b) mean = lim L =FG) oy wB/2=9/2 0wt =9 wESw =) wEd
w—3 ’w—3 w—3 ’w—3 w—3 2(w—3) w—3 2(w—3) w—3 2
_ 2 92— 2 2 2 .2
(©) mpan = lim L =S@ w2 0T wd e
w—sx w—2x w—T w—2x w—sx Q(w—x) w—x
10 /
: Tangent
B J Secant
( ) | ///I [
d
_ 2 1) — 2 1 2 .2
3. (a) Mian = 1imM: lim (w1 -+ ): im 2~ 2% _ lim (w + z) = 2.
w—x w—x w—x w—x w—zr W — T w—x

(b) Man = 2(2) = 4.
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4. To average 60 mi/h one would have to complete the trip in two hours. At 50 mi/h, 100 miles are completed after
two hours. Thus time is up, and the speed for the remaining 20 miles would have to be infinite.

3(h +1)%5 + 580h — 3 1 d, 55 1 s
5. Vins =1 = —_— = ’ = 2. 1)"° = . ft/s.
Vinst = Jim o =58+ 15 53 . =58+ 15(25)(3)(1) 58.75 ft /s
0 15 25
6. 164 ft/S 3000 F T T T T 3000
1729 | 11729
0t ————> 10
0 15 25
14.9 15 15.1
174571 F ‘ ‘ ‘ 3 1745.71
1729.28 11729.28
1712.86 L ‘ ‘ ‘ 41712.86
14.9 15 15.1
1745.71 — 1712. 2.
vel ~ LTADTL Z 171286 _ 3 85z164ft/s.
0.2 0.2
3(3)2+3]—[3(1)2+1
7. (a) vave:[() 3] = B)" + ]:13mi/h.
3—1
B+t -4 B+t -1 L
(b) Vinst = t11H_1>11 tli—l = t111§1 tl——l = t111§1(3t1 + 4) =7 ml/h
445 h)—+v4+5 4 h)) — (4
9. (a) hm\/ +5@+h) —vVAFEr | (4+5(@+h)—(4+57)
h—0 h h=0 h(\/4 +5(z + h) + V4 + 5x)
5h . 5 5

T (AT i VAT e A ATse i+ VAT 2viise
(x+ h)? 22\ 1 [((z+h)}xz+2)—2*(x+h+2)
(b) hoh (x+h+2_x+2)_i£li%h.< (x+h+2)(z+2) )
o L ((x2+2xh+h2)(x+2)—x2(x+h+2)> i - <(2xh+h2)(x+2)—x2h)
h=0 h (x+h+2)(z+2) TaSoh (x+h+2)(x+2)
1 (h[Rz+h)(z+2) -2\ i (22 + h)(z +2) — 22
(x +h+2)(z+2) 0 (x+h+2)(r+2)

2> +dx+h(x+2) 22+42

ThS0 @+ ht2)(2+2)  (z+2)?2

o }111%0 h

10. f(x) is continuous and differentiable at any = # 1, so we consider x = 1.

(a) lim (2 —1) = lim k(z —1) =0 = f(1), so any value of k gives continuity at = = 1.

z—1- z—1t

(b) hm f(z) = lim 2z =2, and hm (= )— hm k =k, so only if k =2 is f(z) differentiable at x = 1.

11. (a) x:*23717173 (b) ( ) ( 1 1) (3,+OO) (C) (*2371)7 (173)

(d) ¢"(x) = f"(z)sinz + 2f'(x) cosx — f(z)sinz; ¢’ (0) = 2f'(0) cos0 = 2(2)(1) = 4
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kY
1
X
12.
. 10—-2.2 - . . . .
13. (a) The slope of the tangent line = 2050 — 1950 — 0.078 billion, so in 2000 the world population was increasing
at the rate of about 78 million per year.
dN/dt  0.078
(b) ]\é S 0.013 = 1.3 %/year
14. When 2% —422+10 > 0, f(2) = 2* —42% —2? —2+10; when 2* —423+10 < 0, f(x) = —2*+423 —2%2—2—10, and f is
differentiable in both cases. The roots of z*—423+10 = 0 are z; ~ 1.611793 and z5 ~ 3.820704. So z*—423+10 > 0
on (—oo,21) and (2, +00), and z* — 423 +10 < 0 on (x1,72). Then lim f'(z) = lim (4a® — 122 — 22 — 1)
r—x1 T—T1
=42,% — 12212 — 22, — L and lim f'(z) = lim (—42® 4+ 122% — 220 — 1) = 42,3 + 12292 — 227 — 1.
r—x1T r—x1T
These expressions are not equal, so f is not differentiable at x = z1; similarly, f is not differentiable at x = .
-1 1 2 3 4 5
T y T T T T T
20 - 20
10 - \ - 10
\ /N x
VvV
10 4-10
20 &4 ! ! ! ! L 120
-1 1 2 3 4 5
1 (sin2 in 2 1 in 2 - in 2
15. (a) lim - sin2(z +h)  sin2z _ i L (Esin (x+h)— (x+ h)sin 2z
h—0 h x+h x h—0 h (z+ h)z
) 1 xsin2(x + h) — xsin 2z + zsin 2x — (z + h) sin 2z
= lim
h—0 (z + h)x h
) 1 sin2(x + h) — sin 2z ) x—(x+h)
=1 . 2p) . —— 7
ns0 (z + h)a (z h + (sin2z) h
. 1 sin2(z + h) — sin 2z . —h
=1 2 - 27) - ——
a0 (z + h)T ( v 2h *(sin2o) - )
1 2 2x — sin 2
= —(z-2cos2r — sin2z) = Lo x2 ST
x x
x(2cos2x) — (sin2z)(1) 2z cos2x — sin 2z
(b) f'(z)= 7 = 3
x x
©) f'() 2sin2z  4cos2x  4sin2z  2sin 2z — 4x cos 2r — 4x? sin 2z
xTr) = —_ —_ =
a3 x? x a3
. cos®(z +h) —cos® x
16. (a) }lllg%) A
— lim (cos(x + h) — cosz)(cos* (z + h) + cos®(z + h) cos x + cos?(z + h) cos? z + cos(z + h) cos® x + cos* z)
T 50 h
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17.

18.

19.

cos(z + h) — cosx

= }lilrb A - (cos*(z 4 h) + cos®(z + h) cos & + cos®(x + h) cos? 2 + cos(z + h) cos® x + cos? z)
11—

= (—sinz) - (5cos*z) = —5cos? rsina

(b) f'(z) =5cos* z(—sinx) = —5cos wsinx

(c) f"(x) = —b5cos*z(cosz) + (—5)(4) cos® z(— sin z)(sin x)

3

= 20sin? z cos® z — 5cos® x

2(33+h)2—(33+h)+5_2x2—x+5 2(:E+h)2—(x+h)+5_2x2—x+5
3(x+h)+2 3r+2 3(z+h)+2 3z +2

@)% h = h

m (2(x+h)? —(z+h) +5)(3z+2) — (222 —z +5)(3(x + h) + 2)
h—0 h(3(z+ h) +2)(3z +2)

. 62°h 4 6xh® + 8zh +4h° — 17Th - 622 4 62h? + 8z +4h — 17 62 + 8z — 17
h—0  h(3(x+h)+2)(3z + 2) o0 (B(x+h)+2)Bx+2)  (3z+2)2

(3 +2)(4x — 1) — (22® — 2+ 5)(3)  (122® + 5z — 2) — (62> — 3z + 15) 6% + 8z — 17

(B) f@) = Gor 2P - (3o + 277 L

(3z +2)%(12x + 8) — (622 + 8z — 17)(2)(3)(3z + 2)
(3z +2)*
(324 2) [z +2)(12z + 8) — 6(62% + 8z — 17)] (3622 + 48z + 16) — (3622 — 48z — 102)

(3z+2)4 B (3z+2)3

(c) f(x)=

118
(32 + 2)3

Va+ htan(z + h) — /ztanz

(@) finy h

~ lim Vz+ htan(z + h) — V& + htanz + vz + htanx — /z tanz

h—0 h

tan(z + h) — tanx
h

= lim( z+h

h—0

,m—ﬁ)
h

). (x+h)—=x )
h(Vz +h+x)

1 , 1
m) = rsec® x + (tanz) - NG

1
(b) f'(x) = Vasec’z + 53:_1/2 tanz = v/zsec’ z + (tanz) -

+ (tanz)

= lim (\/m tan(z + ) — tanz + (tanx
h—0 h

—0 h

= }lLim (\/m tan(z + h) — tanz + (tanx) -

1
2z

(c) f"(z) = +x(2)secz (secx tanz) + % sec? z + (tanz) (—4;3/2> + ﬁ sec? x

tanx sec?

= + 7 + 2y/z tan zsec?

aw aw
a) — = t— ;att =5, — = — ; the water 1s running out at the rate o gal/min.
P 200 15 ) P 2000; th i i h f 2000 gal /mi

W(5) —W(0) 10000 — 22500

(b) 5—0 )

—2500; the average rate of flow out is 2500 gal/min.
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43 - 23 56 ) )
20. (a) T =5 =28 (b) (dV/dl)|,_5 =30|,_, =3(5)* =175
1.195 1.2 1.205
—0.838 ‘ 4 -0.838
—0.84) \ —0.84
—0.842 L. ‘ 1] —0.842 B e
21. (a) 1.195 1.2 1.205 F(1.2) ~ 0.842 — (—0.838) — 04
0.01
f'(x) =05z —1; f/(1.2) =0.5(1.2) — 1 = —0.4
2.4995 2.5 2.5005
4.1015 ‘ 141015
41 \4.1
4.0985 L. ‘ 114.0985
(b) 2.4995 2.5 2.5005 f1(2.5) ~ 4.1015 — 4.0985 - _
0.001
f'(a?) _ (31‘ - 5)(2.%‘) — (1‘2 + 4)(3) . 32?2 — 10z — 12.
N (3z — 5)2  (Bx-5)2
3(2.5)2 - 10(2.5) — 12 —18.25 73
"(2.5) = = =—-—— = -292
J1(25) (3(2.5) — 5)2 6.25 25
—0.8005 08 —0.7995
—~0.3193 ‘ 4-0.3193
—0.32} / 1_032
~0.3207 - ‘ 4-03207
22. (a) ~0.8005  —08  —0.7995 F(=0.8) ~ —0.3193 — (=0.3207) _ 14

0.001
f/(x) = 322 4 0.6z; f'(—0.8) = 3(—0.8)2 4 0.6(—0.8) = 1.44

2.3995 24 2.4005
0.8005 - ‘ 08005
0.8 \0.8
0.7995 10.7995
‘ ‘ ‘ 0.8005 — 0.7995
b 2.3995 2.4 2.4005 1(9.4) ag 2000 U090
®) ;24 0.001
Fla) = (22 —2.76)(1) — (x)(22)  —a? —2.76
B (2% —2.76)2 T (@ —276)7
—(2.4)% - 2. —8. 1
fl(2.4) = (247276 _ —852 7 ~ —0.946667.

((24)2-276)2 9 75

23. f is continuous at z = 1 because it is differentiable there, thus ]{in%) f(1+h) = f(1) and so f(1) = 0 because
—

lim 7‘]0(12— h) exists; f'(1) = lim —f(l +h) -~ ) = lim Ll +h)

= 5.
h—0 h—0 h h—0 h
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

f differentiable at 2 = 4 implies that f is continuous at = 4, so lirr}1 f(z) = f(4), and lirri(\/:ff(m) —10) =
0, so VAf(4) =10, or f(4) = 5. Also,

. Vxf(z)—10 d / 1

lim Y=o = [VEf ()]s = [VEf (@) + f(2)- m] -
! L _op 5_ so f'(4) = 63

= VAF@)+ F) - 5o = 2 )+ 7 = 1T s0 () =

The equation of such a line has the form y = ma. The points (zg, yo) which lie on both the line and the parabola
and for which the slopes of both curves are equal satisfy yo = mxo = 23 —922 — 162, so that m = 22 — 929 —16. By
differentiating, the slope is also given by m = 323 — 18x¢ — 16. Equating, we have 22 — 9z — 16 = 323 — 18z, — 16,
or 222 — 929 = 0. The root zg = 0 corresponds to m = —16,y9 = 0 and the root ¥y = 9/2 corresponds to
m = —145/4,y9 = —1305/8. So the line y = —16x is tangent to the curve at the point (0,0), and the line
y = —1452/4 is tangent to the curve at the point (9/2,—1305/8).

9 d |1 3
The line 4z — 18y = 255 has slope 2, so solve —3= o {2303 - 3902] = §x2—6aﬁ and 22 —42+3 = (z—1)(z—3) =0
x

with roots z =1, 3.

2 2

= a+b. The slope of the secant is a4

The slope of the tangent line is the derivative 3y’ = 2z
z=1%(a+b) a—

=a+b,

so they are equal.

y

(b.b?)
\ (a,a?)

ey

2

@ PO+ =31y =7 vy LSO 28 CED 8
(€) - A—T'()="2(@) =2  (d) 0(becanse f(1)g'(1) is constant)
C 9 f(l) = Qﬂ = B ecause g 1S constan
(a) 827 — % — 15274 (b) 2-101(2z+1)'%°(52% — 7) 4+ 10z(2z + 1)'" = (224 1)'°°(103022 + 10z — 1414)
(a) cosx — 6cos? wsinw (b) (1+secz)(2x —sec?z) + (22 — tan ) sec x tan x

(a) 2(x—1)V3z+1+ L(x— 12 = (z—1)(152 +1)

243z +1 2v3xz +1
by (3l 222(3) — Bz +1)(2z) 33z +1)>(3z +2)
(b) x? x? T x7
o ((csc2x\ —2(x3 + 5) csc 2z cot 2x — 3z2 csc 2 2+ 3sin® rcosx
(a) —csc 3 3 5 (b) Tl L w3 N2
3 +5 (3 +5) (2z + sin” 1)

Set f/(z) = 0: f'(z) =6(2)(2x +7)°(x —2)5 + 522+ 7)%(x —2)* = 0,80 22+ 7 =0 or x — 2 = 0 or, factoring out
(22 + 7)5(x — 2)4, 12(z — 2) + 5(22 + 7) = 0. This reduces to z = —7/2, z = 2, or 22x + 11 = 0, so the tangent
line is horizontal at z = —7/2,2,—1/2.
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34.

35.

36.

37.

38.

x? 2)(x —3)3 — (2z z— 3)4
o ()= o) = 72—~ @2

equals zero. So either z —3 = 0 or, after factoring out (z —3)3, 4(z2+2z) — (22 +2)(x —3) = 0, 22% + 122 +6 = 0,
—-6£v36—-4-3
2

, and a fraction can equal zero only if its numerator

= —3+ /6. So the tangent line is horizontal at

whose roots are (by the quadratic formula) z =

z =3 -3+6.

1 1 1\?
Let f(x) (1+2?) and g(z) = —= (1: - ) , and suppose a simultaneous tangent line meets the graph of f

2 2 2

at (a, f(a)) and the graph of g at (b,g(b)). Then f’(a) = ¢’(b) and f'(a) = M, ora= —(b— ;) = % —b
—a
_1 b_lQ 1 2 _ 1.2 1 2 2
and a = 2(( 2)” +a)) = 2(a1+ +a): L+ 2a . So, —a+4a® =1+ 242, or
b—a 5 —2a —1+44a

1 1 11
20> —a—1=(2a+1)(a—1)=0, anda:—2,1<b:—|—

1 .
5t55 1=1, —3 respectwely) .

1 1 1
The two tangent lines are y = f (—2) + f (—2) (:13 + 2) =g(1)+d()(z—-1)and y = f(1)+ f/(1)(z —1) =
1 1 1 . 5 1 1
gl—=14+g VA + 5 The two lines simultaneously tangent to both curves are y = 373 T+ 3) =

3 1 1
—1), orz+2y = 1 andy =1+ (z—1) = —54— <x+2> =z, or x —y = 0. The lines intersect at

Let f(x) = n(1 + 2?) and g(z) = —n(z — n)?, and suppose a simultaneous tangent line meets the graph of f

at (a, f(a)) and the graph of g at (b,g(b)). Then f’(a) = ¢'(b) and f'(a) = w, or 2na = —2n(b —n)

_ _n)2 2 _ 2 2 _ 2
(equivalently, a = n — b) and 2na = n(b=n)f"+ {1 +a)) = n+a”+a’) = n(l+2a ) So,
b— n —2a n —2a

a
2n£v4n? +8 ntvn? 42 Th

4a® — 2na = 1+ 2a%, or 2a> —2na —1 =0, and a =

e tangent lines have

equation y = n(1 + a?) + 2na(z — a) for the two values of a. Using a CAS to solve for the point of intersection
. n

y1e1ds (m,y) = (53 5

2 2 d 2 2
The line has slope —5» 80 solve r = o [(1+2cos3x)4—5x = 4(1 + 2cos3z)?(—6sin3z) — 5 So,

dx
1 . C e 2 4 2 2k
cos 3x = —3 or sin3z = 0 which implies 3z = §7r + 2kmor3x = §7T + 2kmor 3x = km and hence z = §7r + —mor

3
4 2k k . .
T=g7 + 3 rorz =gm, where k is any integer.

dy d cos S5e+3 | s 5z + 3 (2t + 2 +4)-5— bz +3)(42® + 1)
de  dx i +4] t+x+4 (z*+ 1z +4)2

1524 +122% — 1
- 5(9;41 :ci4)2 7 sin xfj’i;i 7 solve dy/de = 0 to find @ ~ ~1.30728, —0.6, 0.877473,
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39.

40.

41.

—4 4 —4 4

—4 4 —4 4
S5x+3 d Sx+3
Yy =C0s ———— y=—(cos ————

P +x+4 dx xXT+x+4

3= f(n/4) = (M+N)v2/2and 1 = f'(n/4) = (M—N)v/2/2. Add these two equations to get 4 = v/2M, M = 23/2.
3
Subtract to obtain 2 = \/§N7N = /2. Thus fz) = 2v/2sinx + V2 cosz. 1! (I) = —3, so the tangent line is

3T
=1-3 - — ).

f(z) = Mtanx + Nsecz, f'(x) = Msec?z + Nsecxtanz. At x = 7/4, 2M + +/2N,0 = 2M + /2N. Add to get
M = —2, subtract to get N = /2 + M/v/2 = 2V/2, f(z) = —2tanz + 2v/2secz. f'(0) = —2, so the tangent line
is y = 2v/2 — 2.

f'(@) = 22f(x), f(2) =5

(a) g(z) = f(secz),g'(v) = f'(secx)secxtans = 2-2f(2) - 2- /3 = 40V/3.

;f(_x)l] S LN )= aS LA Dy 02 DIy 5557500

(b) I (z)=4 [

Chapter 2 Making Connections

1.

d
. (a) By the chain rule and Exercise 1(c), y' = f'(2z) -

(a) By property (ii), £(0) = £(0+0) = £(0)£(0), so f(0) = 0 or 1. By property (iii), £(0) £ 0, so £(0) =

(b) By property (i), f(x) = £ (3 +5) = £ (5) 2 0. 16 () = 0, then 1 = f(0) = f(a+ (~)) = F(a) () =
0- f(—z) =0, a contradiction. Hence f(z) > 0.
© 116 = tim EEDZIC) _ g SOID =0y ) HO0=1_ g, J0)—50)

f(@)f(0) = f(z)

dx(2a:) f(2z) -2 =2y.

(b) By the chain rule and Exercise 1(c), v’ = f'(kx) - di(kx) = kf'(kz) = kf(kz).
x

() By the product rule and Exercise 1(c), y' = f(2)g'(x) + g(@) f'(x) = f()g(x) + g(2)f(z) = 2f (a)g(x) = 2y,
so k=2.

o@)f (@) ~ F@)g' @) _ gl@)f (@)~ f@e@)
g(x)? 9(x)? '

will see in Theorem 4.1.2(c), this implies that h(x) is a constant. Since h(0) = f(0)/g(0) = 1/1 = 1 by Exercise

1(a), h(xz) =1 for all z, so f(x) = g(x).

(d) By the quotient rule and Exercise 1(c), h'(x) =
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3. (a) For brevity, we omit the “(z)” throughout.

(g0 = g W =(fo0) Toh g (fo ) =Fogne (1w T )
=f-g-h+f-g-h+f-g-W
(b) (g h kY = (7 g )K= (frgh) - ok (f g )

=f-g-h-K+k-(f-g-h+f-g h+f-gh)=f-ghk+f-g h-k+f-g-h-k+f-g-h-k
(¢) Theorem: If n > 1 and f1, ---, f, are differentiable functions of x, then
(Frfa e fa) =3 fie oo fr £l fir o

i=1

Proof: For n = 1 the statement is obviously true: f{ = fi. If the statement is true for n — 1, then

(fr-for o 'fn)/:%[(fl'fZ' o fum) Sal = (e fam) St s (fu 2 fam)

n—1 n
=fifa o fat S fa Yo fr e fima ffir e fa =3 fie e fer fl fr o

i=1 i=1
so the statement is true for n. By induction, it’s true for all n.

. I /hLQfgl_fih/ /A N Y N SN
®) (/o)) = 11/t my = LS R Lo R TS R )
g h—f-g - h—f-g-h
- g2h2
. ,_(g/m) S = (g/ny o RO pgh—fg h4 foge I
( ) [f/(g/h)] - (g/h)2 - (g/h)2 - g2
R
:f’~g~hffog'oh+f~g'h’

92
5. (a) By the chai e, & -1y = 20y = — I)
. (a) By the chain rule, dx([g(x)} ) =—[g(2)]*¢(z) = [g(x)P.Bytheproduct rule,
@) = £ ()] ) + lo)) o)) = - L)y ) a0l = i ()
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