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1.1 THE GEOMETRY AND ALGEBRA OF VECTORS

1.
Solution:
2.
Solution:
Since

Iy I A L P A UK

plotting those vectors gives
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3.
Solution:
4.
Solution:
Since the heads are all at (1,2,3), the tails are at
11 o] [1 11 [3] [-2 1 11 Jo 11 [
21-12=|0], 21—12|=] 0], 2(—|-2|=4/|, 21—-1-11=|3].
3 0 3 3 1 2 3 1 2 3 -2 5
5.
Solutions:

The four vectors ﬁ are
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In standard position, the vectors are

(a) AB= [4—1,2—(—1)} =[3.3].

Solution:
Recall the notation that [a,b] denotes a move of a units horizontally and b units

vertically. Then during the first part, the hiker travels 4 km north, so a = [0,4]. During

the second part, the hiker travels a distance of 5 km northeast. From the components,

we get
542 5\/2}
2’ '

b=[5cos45°,5sin45°]={ >

Thus the net displacement vector is

c:a+b:[

ﬂ;;ﬂ]
2 2
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Travel

1 & 3
7.
Solution:
3 2 3+2 5
a+b= + = = .
0 3 0+3 3
a+b

8.
Solution:
2 -2 2+(-2 0
b+c= + = ( ) =
3 3 3+3 6
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9.
Solution:
3 -2 5
d-c= - =
-2 3 -5
10.
Solution:

3 3 3-3 0
a_d: - = = .
ol |2 0—(—2) 2
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1.
Solution:
2a+3c=2[0,2,0]+3[1-2,1]= [2.0,2-2,2-0}{3-1,3-(—2),3-1} =[3,-2.3].
12.
Solution:
2¢-3b-d= 2[1, -2,1]-3[3,21]-{ -1, —2}
- [2-1,2-(—2),2-1]—[3-3,3-2,3-1]—[—1,—1,—2]
= [—6,—9,1].
13.
Solution:
u= [cos 60°,sin 60"} = {l,—:g] V= [cos 210°,sin 210"] = [—ﬁ,—l}
2 2 2 2
, and , so that
{Lﬁ,ﬁ_l}, :[1+£,£+1].
2 2 2 2 2 2 2 2
14,
Solution:
(a) AB=b-a.
(b) Since oc = AB, we have BC=0C-b :(b—a)—b =-a.
(c) AD=-2a.
(d) CF=-20C=-24B=-2(b-a)=2(a-b).
(e) AC :E+B—C:(b—a)+(—a):b—2a.
(f) Note that FA and OB are equal, and that DE = —AB . Then
%+E+F—A=—a—ﬁ+cﬁz—a—(b—a)+b =0.
15.
Solution:
property e. property b.
distributivity associativity
2(a—3b)+3(2b+a) = (2a—6b)+(6b+3a) = (2a+3a)+(—6b+6b) =ha.
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16.
Solution:
property e.
distributivity
2(a —c)—3(a +2b)+3(c —b) = (2a - 2c)+ (—3a —6b)+ (3c—3b)
property b.
aSSOCI:atMty (2a - 3a) + (—6b - 3b) + (—2c - 3c)
=-a—-9 +c.
17.
Solution:
x—a:2(x—2a):2x—4a:x—2x:a—4a:>—x:—3a:>x:3a.
18.
Solution:
x+a—2b=2(x+a)—3(2a—b):2x+2a—6a+3b:>
x-2x=-a+2b+2a-6a+3b =
-x =-5a+5b =
x = 5a — 5h.
19.
Solution:

We have 2u+3v = 2[1,—1]+3[1,1]=[2-1+3.1,2-(—1)+3-1]:[5,1]. Plots of all three

vectors are

20.

Solution:
We have —u—2v = —[—2,3]—2[ 2,1]:[ - (—2) -2.2,-3-2. 1]:[ -2, —5] . Plots of all three

vectors are
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21.
Solution:
From the diagram, we see that w =-2u+4v.
22.
Solution:
From the diagram, we see that w=2u-v.
23.

Solution:

Property (d) states that u+(—u) = 0. The first diagram below shows u along with —u.

Then, as the diagonal of the parallelogram, the resultant vector is 0.

Property (e) states that c(u + v) =cu+cv. The second figure illustrates this.
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24.

Solution:

Let u= [u1,u2,...,un] and v = [v1,v2,...,vn], and let ¢ and d be scalars in R.
Property (d):

() <[t o (o)
=|:U1’u2’ "un]+|:_u1’_u2’ ’_u”:|
:|:U1—U1,U2 u,,.. Un_un]
=[0,0,...,0]=0

Property (e):

=c [u1+v1,u +V,,..,U +V ])

n n
=[c(u1+v1),c(u2+v2),...,c(un+vnﬂ
[cu +cv,,cu, +cv,, ,cun+cvn]
=[cu1,cu2,...,cun]+[cv1,cv2,...,cvn]

= c[u1,u2,...,un1+c[v1,v2,...,vn1

=CUu+CVv.

(c+ )[ s, ]
[c c+d) .,(c+d)un}
[cu +du cu, +du,, ,cun+dun]

[cu1,cu2,...,cun] +[du1,du2,...,dun]

= c[u1,u2,...,un] +d[u1,u2,...,un]
=cu+du.

Property (f):

(c+d)

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

Solution and Answer Guide: Poole, Linear Algebra: A Modern Introduction, 5e, 2026, 9798214013053;
Chapter 1: Vectors

Property (g):
c(du) =cC d[u U ,...,un])

cc/)
cd)u
25,
Solution:
u+v=[0,1]{11][10].
26.
Solution:
u+v:[1,1,0]{1,1,1]:[0,0,1].
27.
Solution:
usrv=[1011]{1111]{0,100].
28.
Solution:
u+v=[110,10]{0,1110]{10,1,0,0].
20.
Solution:
+]0 1 2 3 -0 1 23
0olo 1 2 3 0|0 00O
111 2 30 110 1.2 3
2|2 3 0 1 2|10 2 0 2
3/3 01 2 3/0 3 2 1
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30.
Solution:
+/0 1 2 3 4 .10 1 2 3 4
0|0 1 2 3 4 0|0 O 0 OO
111 2 3 4 0 110 1 2 3 4
212 3 4 0 1 2|0 2 4 1 3
3/!3 401 2 3/0 31 4 2
414 01 2 3 410 4 3 2 1
31.
Solution:

2+2+2=6=01in Z,.
32.
Solution:
2:2.2=3.2=0in Z,.
33.
Solution:
2(2+1+2)=2-2=3-1+1=11n Z,.
34.
Solution:
3+1+2+3=4-2+1=1in Z,.
35.
Solution:
2.-3-2=4-3+0=0in Z,.
36.
Solution:
3(3+3+2)=4-6+0=0 in Z,.
37.
Solution:

2+14+42+24+1=2in Z_,2+1+2+2+1=0in Z,,2+1+2+2+1=3 in Z..
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38.

Solution:

(3+4)(3+2+4+2)=2-1=2in Z,.
39.

Solution:

8(6+4+3)=8-4=5in Z,
40.

Solution:

10
9100 _ (21o> _ (1024)10 —1° —1in Zﬂ.

41.

Solution:
[212]+{2,0,1]{ 11,0] in Z.
42.
Solution:
2[2,21]H2-2,2:2,2-1-{11,2] in 2,

43.

Solution:

2([3, 112]+{3,3,2, 1})
2([3, 112]+{3,3,2, 1])

2[2,0,3,3 ] 2:2,2:0,2:3,2:3 ] 0,0,2,2] in Zi.

2[14,3,3]{2:1,2:4,2:3,2:3 - 2,3,11] in Z2.

44,

Solution:

x=2+(—3)=2+2=4 in Z,.

45.

Solution:

x=1+(-8)=1+1=2in Z,

46.

Solution:
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48.

49.

50.

51.

52.

53.

54.

Solution and Answer Guide: Poole, Linear Algebra: A Modern Introduction, 5e, 2026, 9798214013053;
Chapter 1: Vectors

x=2"=21in Z_.

Solution:

No solution. 2 times anything is always even, so cannot leave a remainder of 1 when
divided by 4.

Solution:

x=2"=31in Z,_.

Solution:

x=3"'4=2-4=3in Z,.

Solution:

No solution. 3 times anything is always a multiple of 3, so it cannot leave a remainder
of 4 when divided by 6 (which is also a multiple of 3).

Solution:

No solution. 6 times anything is always even, so it cannot leave an odd number as a
remainder when divided by 8.

Solution:

x=8'9=7-9=8in Z,

Solution:

x=27(2+(-3))=3(2+2)=2 in Z,.

Solution:
No solution. This equation is the same as 4x=2-5=-3=3 in Z_. But 4 times

anything is even, so it cannot leave a remainder of 3 when divided by 6 (which is also
even).
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55.

Solution:
Add 5 to both sides to get 6x =6, so that x=1 or x=5 (since 6-1=6 and

6-5=30=6 in Z,).
56.

Solutions:
(a) All values.

(b) All values.

(c) All values.
57.

Solutions:

(@) All a#0 in Z, have a solution because 5 is a prime number.

(b) a=1 and a =5 because they have no common factors with 6 other than 1.

(c) a and m can have no common factors other than 1; that is, the greatest common
divisor, gcd, of a and mis 1.

1.2 LENGTH AND ANGLE: THE DOT PRODUCT

Solution:

3

-1
Following Example 115, u-v = { Q]L

}:(_1).3+2.1:—3+2:—1.

2.
Solution:
. 2] [9
Following Example 1.15,u~v=|: 1]{6}=2-9+(—1)'6=18—6=12.
3.
Solution:
11 [2
u-v=|2[[3[=12+2.3+3-1=2+6+3=11.
3|1
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4.
Solution:
u-v=1530+04-52+(-21)-(-0.6)=7.84.
5.
Solution:
1 4
21—
u-v= V2|, ‘f =1-4+\/§-(—\/5)+\/§-0+o-(—5):4—2= 2.
3
0 -5
6.
Solution:
1121 | -2.29
-3.25 1.72
V= . =-112.2.29-3.25-1.72+2.07-4.33-1.83- (—1.54) = 3.6265.
2.07 4.33
-1.83 -1.54
7.
Solution:
Finding a unit vector v in the same direction as a given vector u is called normalizing
the vector u. Proceed as in Example 1.19:
Tull = (=12 +22 =45,
so a unit vector v in the same direction as u is
_T
-1
S S I G
lull ™ 5] 2] | 2
5
8.

Solution:

Proceed as in Example 1.19:

lull =3 + (-2 =J9+4 =413,

so a unit vector v in the direction of u is
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3
1 13 s
-
N

9.
Solution:
Proceed as in Example 1.19:
lull =17 +2>+3% =14,
SO a unit vector v in the direction of u is
R
1 14
R B S O
Ml «[14 3 1/14
3
LV14 |
10.
Solution:
Proceed as in Example 1.19:
lull =/3.22 + (-0.6)> + (-1.4) =+/10.24 +0.36 + 1.96 = [12.56 ~ 3.544,
SO a unit vector v in the direction of u is
1.5 0.903
Vv = ! u= ! 0.4 |~=| -0.169|.
lul 3.544
-2.1 —-0.395
1.

Solution:
Proceed as in Example 1.19:

lul :\/12 +(\/§)2 +(\/§)2 +0° :\/g,

so a unit vector v in the direction of u is
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1 1

v:mu—ﬁ

ow§|_\
|

> S5l -
o 5= 5l 5

12.
Solution:
Proceed as in Example 1.19:
lul = \/1.122 +(=3.25)% +2.07% + (-1.83)% = +/1.2544 + 10.5625 + 4.2849 + 3.3489
=+/19.4507 ~ 4.410,
so a unit vector v in the direction of u is
1 1
v—u=——[112 -3.25 2.07 -1.83]~[0.254 -0.737 0.469 -0.415].
Il 4.410
13.
Solution:
) —1] [3] |4
Following Example 1.20, we compute: u—v :{ 2} —L} :|: J , SO
d(u,v) —lu—vl =(-4)? + ? =17
14.
Solution:
) 3| (4] |4
Following Example 1.20, we compute: u—v :{ 2} —lie} :|: 8} , SO
d(uv)=llu-vl= J(=1? + (-8)* = /65.
15.
Solution:
1] [2] [
Following Example 1.20, we compute: u—-v=|2|-|3|=|-1{, so
3 1 2

d(u,v) =lu-vl= \/(—1)2 +(-1)2+2% = Je6.

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly

accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

~¢Cengage

16.

17.

18.

19.
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Solution:
3.2 1.5 1.7
Following Example 1.20, we compute: u-v=|-0.6 |-| 4.1|=|-4.7|, so
-1.4 -0.2 -1.2
d(u,v) =lu-vll =1.7% + (-4.7) + (-1.2)° =+/26.42 ~ 5.14.
Solutions:
(@) u-v is areal number,so lu-vl is the norm of a number, which is not defined.
(b) u-v is a scalar, while w is a vector. Thus u-v+w adds a scalar to a vector, which
is not a defined operation.
(c) uis a vector, while v-w is a scalar. Thus u~(v . w) is the dot product of a vector
and a scalar, which is not defined.
(d) c-(u + v) is the dot product of a scalar and a vector, which is not defined.
Solution:

Let 6 be the angle between u and v. Then

u-v 2-1+1-(—3) 1 1 J2

-1
Clulllvl 2 e e (3 B0 JBo 52 10

Thus cos 8 <0, so the angle between u and v is obtuse.

cos @

Solution:
Let 6 be the angle between u and v. Then

uv 2:1+(-1)-(-2)+1-(=) 1

Clulllvl J2 (PP (2 2

Thus cos 8 >0 (in fact, 0 =g), so the angle between u and v is acute.

Solution:
Let 8 be the angle between u and v. Then
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23.

24.

25.
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u-v 4-1+3-(=2)+(-1)-(4) 1 1 1 J39

0 = - - . . - .
Pullvil a2y 32 (a2 P (27 + ()2 V2646 1586 239 78

Thus cos 8 <0, so the angle between u and v is obtuse.

Solution:
Let 6 be the angle between u and v. Note that we can determine whether 6 is acute,

right, or obtuse by examining the sign of ﬁ which is determined by the sign of
ulll v

u-v. Since
u-v=0.9. (—4.5) +21-2.6+1.2- (—0.8) =0.45> 0,

we have cos 8 >0 so that ¢ is acute.

Solution:
Let € be the angle between u and v. Note that we can determine whether @ is acute,

right, or obtuse by examining the sign of L, which is determined by the sign of

Tl vl
u-v. Since
u-v=1(-3)+2:1+3-2+4(-2) = -3,

we have cos § <0 so that @ is obtuse.

Solution:

Since the components of both u and v are positive, it is clear that u-v >0, so the
angle between them is acute since it has a positive cosine.

Solution:

G G

From Exercise 18, cos 6 = _E’ so that 6 =cos™ £_E] ~ 98.13°.

Solution:

. 1 1 .
From Exercise 19, cos@ = 5 , so that @ =cos™ 5 = % =60°.

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

~¢Cengage

26.

27.

28.
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Solution:

V39 V39

From Exercise 20, cosd = ————, so that d =cos™| -——— |~ 94.59°.
78 78

Solution:
As in Example 1.21, we begin by calculating u-v and the norms of the two vectors:

uv =09 (—4.5) +21-2.6+1.2: (—0.8) = 0.45,

Tul =40.9%+27 +1.2% = /6.66,
Ivll =(-4.5) +2.67 +(-0.8)* = [27.65.

So if 6 is the angle between u and v, then

_ uv 045 045
Tullvi  Je.66v27.65 +182.817

cosd

so that

\/182.817

Note that it is important to maintain as much precision as possible until the last step,
or roundoff errors may build up.

0 — cos” (ﬂ} 15375 ~ 88,0

Solution:

As in Example 1.21, we begin by calculating u-v and the norms of the two vectors:
u-v =1-(-3)+2:1+3-2+4-(-2)=-3,
lull =+17+2%+3%+4% =430

vl = \/(—3)2 + 1P +2°+(-2)7 = J1s.

So if 6 is the angle between u and v, then

1
2415

u-v 1

3
0 = = — N
lulll vl J3018 2415

so that 0 =cos™ (— J ~ 97.42°.

Solution:
As in Example 1.21, we begin by calculating u-v and the norms of the two vectors:
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uv =15+2-6+3-7+4-8=70,
lul =417 +22+3%2+4% =430
Ivll  =+52+62+7%+8° =174.

So if 6 is the angle between u and v, then

u-v 70 35

9: = =
lulll vl 30174 34145

so that 0= 0031( J ~ 0.2502 ~ 14.34".

3v145

Solution:
To show that AABC is right, we need only show that one pair of its sides meets at a
right angle. So let u = E, v=8C, and w = AC. Then we must show that one of

u-v,u-w or v-w is zero in order to show that one of these pairs is orthogonal. Then
u=AB=[1-(-3),0-2]{4,-2], v=BC=[4-16-0]{36],
w=AC = [4—(—3),6—2}[7,4}
and

u~v:4-3+(—2)-6:12—12:0.

Since this dot product is zero, these two vectors are orthogonal, so that AB 1 BC and
thus AABC is a right triangle. It is unnecessary to test the remaining pairs of sides.

Solution:
To show that AABC is right, we need only show that one pair of its sides meets at a
right angle. So let u= IB, V= R; and w = AC. Then we must show that one of

u-v,u-w or v-w is zero in order to show that one of these pairs is orthogonal. Then

u=AB-= [—3 -12-1,(-2)- (—1)] =[-4.1-1],

w:Hf:[2—1,2—1,—4—(—1)]:[1,1,—3],
and
u-v=-4.5+1.0-1.(-2)=-18
u-w=-4-1+1.1-1.(-3) = 0.

Since this dot product is zero, these two vectors are orthogonal, so that AB L AC and
thus AABC is a right triangle. It is unnecessary to test the remaining pair of sides.
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Solution:

As in Example 1.22, the dimensions of the cube do not matter, so we work with a cube
with side length 1. Since the cube is symmetric, we need only consider one diagonal
and adjacent edge. Orient the cube as shown in Figure 1.34; take the diagonal to be

[1,1,1] and the adjacent edge to be [1,0,0]. Then the angle 0 between these two

vectors satisfies

cos g 11+10+1:0 1 w0 6 cos” (lJz54.74°.

BB V3

Thus the diagonal and an adjacent edge meet at an angle of 54.74°.

Solution:

As in Example 1.22, the dimensions of the cube do not matter, so we work with a cube
with side length 1. Since the cube is symmetric, we need only consider one pair of

diagonals. Orient the cube as shown in Figure 1.34; take the diagonals to be u= [1, 1,1]
and v =[11,0]-[0,0,1]=[1,1,-1]. Then the dot product is
u-v=11+1141 (<) =141-1=1=0.

Since the dot product is nonzero, the diagonals are not orthogonal.

Solution:

To show a parallelogram is a rhombus, it suffices to show that its diagonals are
perpendicular (Euclid). But

2
d-d, =|2[|-1|=2-1+2:(-1)+0-3=0.
0

To determine its side length, note that since the diagonals are perpendicular, one half
of each diagonal are the legs of a right triangle whose hypotenuse is one side of the
rhombus. So we can use the Pythagorean Theorem. Since

faff =220 s, Jaf <t <

we have for the side length
o[ ]e 2+ [ 2:§ n_ 19

s’ == f—=—,

2 2 | 4 4 4
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so that s = ~ 2.18.

0
2

Solution:

Since ABCD is a rectangle, opposite sides BA and CD are parallel and congruent. So we
can use the method of Example 1.1 in Section 1.1 to find the coordinates of vertex D:

we compute BA = [1—3,2—6,3 —(—2)] = [—2,—4,5]. If BA is then translated to EB

where C = (0,5,—4), then
D= (o+(—2),5+(—4),—4+5) = (-2.17).

Solution:
The resultant velocity of the airplane is the sum of the velocity of the airplane and the

velocity of the wind:
200 0 200
r=p+w= + = .

Let the x direction be east, in the direction of the current, and the y direction be north,
across the river. The speed of the boat is 4 mph north, and the current is 3 mph east,
so the velocity of the boat is

Solution:

Solutions:

Let the x direction be the direction across the river, and the y direction be
downstream. Since vt =d, use the given information to find v, then solve for t and
compute d. Since the speed of the boat is 20 km/h and the speed of the current is

20
5 km/h, we have v = { 5 } The width of the river is 2 km, and the distance

2
downstream is unknown; call it y. Then d :{
y

< [2)-f)

}. Thus
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Thus 20t =2 so that t =0.1, and then y =5-0.1=0.5. Therefore

(a) Anita lands 0.5 km, or half a kilometer, downstream;
(b) It takes Anita 0.1 hours, or six minutes, to cross the river.

Note that the river flow does not increase the time required to cross the river,
since its velocity is perpendicular to the direction of travel.

Solution:

We want to find the angle between Ben’s resultant vector, r, and his velocity vector
upstream, v. Let the first coordinate of the vector be the direction across the river,
and the second be the direction upstream. Ben’s velocity vector directly across the

X
river is unknown, say u= {O} His velocity vector upstream compensates for the

0 . X 0 X
downstream flow, so v = |:1 } So the resultant vectoris r=u+v = l:o} +[1:| = L :I

Since Ben’s speed is 2 mph, we have Il rll =2. Thus

x> +1=lrl*=4, so that x:\/g.

If 6 is the angle between r and v, then

r-v J3 J3

cos§=———=-"— sothat #=cos'| — |=60°
Frelth wi 2 2

Solution:
We have

. u-v 1-3+1-1]1 1 2
proj v = u= =2| |= .
“ u-u 1-1+1-1(1 1 2

A graph of the situation is (with proj,v in gray, and the perpendicular from v to the

projection also drawn)

Proj,(v)
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41.
Solution:
We have

proj,v = U“Vy
u-u

oljw | oW
N

+

[

| &

N
Ne—

3
5

A graph of the situation is (with proj,v in gray, and the perpendicular from v to the
projection also drawn)

42.
Solution:
We have
;-2+;-2+\/1_-\E 1/2 1/2 3/2
Proj,v = —u = 2 1/2|=3 1/2|=| 3/2|=3u
u-u 11 11 1 1
—r =t ==+ = .
crral gl el s
43.
Solution:
We have

1 1 3/2
proJuV::i:“Z1.2+(_1)'(_3)+1'(_1)+(_1)'(_2) 1| e|-1| |-3/2] 3

T4+ (<) () + 114 (=1)- (1) | 1 T4 17| a2 72"

-1 -1 -3/2

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

~¢Cengage

Solution and Answer Guide: Poole, Linear Algebra: A Modern Introduction, 5e, 2026, 9798214013053;
Chapter 1: Vectors

44,
Solution:
We have
) u-v 05-21+15-12]05] 285/05] [0.57
proj v = u= == = =114u.
““ " wu.u 05-05+15-1.5|15 2.5 |15 1.71
45.
Solution:
We have
3.01-1.34-0.33-4.25+2.52- (—1.66) 3.01
proj,v = u= -0.33
u-u . _ = .
3.01-3.01-0.33 ( o.33)+2.52 2.52| , o,
5503 3.01 -0.301 1
=-——"°°"|_0.33|~| 0.033 |~-——u.
15.5194
2.52 -0.252
46.
Solutions:

e e S AR

(a) To compute the projection, we need

Ems[;mm

Thus

o
=
O.
c
<
Il
c
I
|
1
—
1
Il
oo o|w

so that

‘ {3}
voprojv=| |-

oo o|w
N

Then
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2 2
lull =+ +32 =40, v —proj,v il = {gj +(ij _ a0

so that finally
A :%n ull Il v —proj,v ||:%JE-@:4.

(b) We already know u-v=6 and llul= J10 from part (a). Also, | vI=~/3> +1 = Jho.

So
cosg-_4Vv __ 6 _3
lull vl o0 5
so that
3V 4
sin @ = \1-cos’6 = F(EJ =<
Thus
A=2lulllvising=2yi0y10 % =24
47.
Solutions:
4-3 1 5-3 | 2
Let u=AB=|-2-(-1)|=|-1| and v=AC=|0-(-1)|=
6-4 2 2-4 -2

(a) To compute the projection, we need

1 2 1 1
u-v=|-1(-| 1/=-3, w-u=|-1|-|-1|=6.
2 -2 2 2
Thus
__l_
1 2
proj v = u——3 1| = !
u u 6 ) 2
-1
so that
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__1_ F5T
2 2 2

v-projv=| 1|— AL I
" 2 2

I I B

Then

Tull= 7 + (=12 +2 = Je, "v —proj,v

so that finally

5 e

o a6
BN RN

2

A = 2l Jv-protv

(b) We already know u-v=-3 and llull= \/E from part (a). Also,

vl =42°+7 +(-2)° =3. So
u-v -3 \/g

Clulllvi 3s 6’

so that
sin @ = \J1-cos?0 = _ N30
6
Thus
A=tlullviising=—5.3.330 _ 3V
2 2 6 2
48.
Solution:

Two vectors u and v are orthogonal if and only if their dot product u-v =0. So we set
u-v =0 and solve for k:

u-v={4:|{k+1}=0:>4(k+1)+5(k—1):039k—1:0:k:l.
5| | k-1 9

Substituting into the formula for v gives
v 1/9+1 3 10/9
l1/9-1| |-8/9]

As a check, we compute
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4 10/9 40 40
u-vs= . =—-—=0,
5 -8/9 9 9
and the vectors are indeed orthogonal.

Solution:

Two vectors u and v are orthogonal if and only if their dot product u-v=0. So we set
u-v =0 and solve for k:

1| | k?
u-v=|-1|k =O:>k2—k—6=0:(k+2)(k—3)=0:>k=2,—3.
2 -3

Substituting into the formula for v gives

(-2)? 4 32 9
k=2:v,=| -2 |=|-2|, k=-3:v,=|3|=| 3
-3 -3 -3 -3
As a check, we compute
1 4 1 9
u-v, =|-1|-[-2|=1-4-1-(-2)+2-(-3)=0,u-v, = | 1[-| 3[=1.9-1.3+2:(-3)=0
2| |-3 2| |-3

and the vectors are indeed orthogonal.

Solution:

Two vectors u and v are orthogonal if and only if their dot product u-v=0. So we set
u-v =0 and solve for y in terms of x:

3| |x
u-v={]][ }:0:3x+y:03y=—3x.
y

Substituting y = -3x back into the formula for v gives

SHEE

3
Thus any vector orthogonal to L:I is a multiple of {

1
:I. As a check,
3

3 X
u~v:[ }l: }:Sx—3x=0foranyvalueofx,
1 -3x

so that the vectors are indeed orthogonal.
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Solution:
As noted in the remarks just prior to Example 1.16, the zero vector 0 is orthogonal to

all vectors in R?. So if {Z} =0, any vector {X} will do. Now assume that {Z} #0; that
y

is, that either a or b is nonzero. Two vectors u and v are orthogonal if and only if their
dot product u-v=0. So we set u-v=0 and solve for y in terms of x:

al |x
u~v:{ }l: }=0:>ax+by:0.
b| |y

First assume b # 0. Then y =—-—x, so substituting back into the expression for v we
get
V= | =X 1 _x| b
[ - B D) Y et
Next, if b=0, then a #0, so that x = —éy, and substituting back into the expression
a
for v gives
b bl
= -= b
al|-a
y 1

a
So in either case, a vector orthogonal to {b , if it is not the zero vector, is a multiple

of { b:l. As a check, note that
-a

[a} { rb} =rab -rab =0 for all values of r.
b| |-ra

Solutions:

(a) The geometry of the vectors in Figure 1.26 suggests that if lu+vili=lull +l v,

then u and v point in the same direction. This means that the angle between them
must be 0. So we first prove

Lemma 1. For all vectors u and vin R*> or R®,u-v = ||u|| ||v|| if and only if the vectors

point in the same direction.

Proof. Let 6 be the angle between u and v. Then
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cos f = &,

Jullv]

so that cos @ =1 if and only if u-v = "u""v" But cos 8 =1 if and only if € =0, which
means that u and v point in the same direction.

We can now show

Theorem 2. For all vectors u and vin R* or R:,lu+vli=lull +Il vl if and only if u
and v point in the same direction.

Proof. First assume that u and v point in the same direction. Then u-v = ||u||||v||,

and thus

lu+vl®> =u-u+2u-v+v-v By Example 1.9
=lull®+2u-v+ll vi? Since w-w =l wll> for any vector w
lul>+20ulll vl +1 vI* By the lemma
—(lull 1 v,

Since lu+vll and lull +1 v Il are both nonnegative, taking square roots gives
||u+v|| = ||u||+||v|| For the other direction, if ||u+v|| = ||u||+||v||, then their squares are

equal, so that

(||u||+||v||)2 A ull? +2||u||||v||+||v||2 and

Iu+wvl? —u-u+2u-v+vVv-v

are equal. But lull’=u-u and similarly for v, so that canceling those terms gives

2u-v= 2llulll vl and thus u-v=lulll vl . Using the lemma again shows that u
and v point in the same direction.

The geometry of the vectors in Figure 1.26 suggests that if lu+vli=lull -l v,
then u and v point in opposite directions. In addition, since l u+v l>0,, we must
also have "u" > ||v|| If they point in opposite directions, the angle between them
must be 7. This entire proof is exactly analogous to the proof in part (a). We first
prove

Lemma 3. For all vectors u and v in R> or R*,u-v =—llulll vl jf and only if the
vectors point in opposite directions.

Proof. Let 6 be the angle between u and v. Then

u-v

cosf=————,
(TR
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so that cos@=—-1ifand only if u-v=—1lullll vl.But cos 8 =-1if and only if

6 = =, which means that u and v point in opposite directions.

We can now show

Theorem 4. For all vectors u and vin R*> or R®,lu+vl=lull -l v if and only if u

and v point in opposite directions and Il ull=ll v .

Proof. First assume that u and v point in opposite directions and lull>ll vI.. Then

u-v= —llulllvl,and thus
lu+vl®> =u-u+2u-v+v-v By Example 1.9
=lull®> +2u-v+ll vi? Since w-w =l wII> for any vector w

=lull> 20 ulll vl +1I vI? Bythe lemma

=(lull=tvi)

2

Now, since lul>l vl by assumption, we see that bothllu+v Il and lull -1l vI are
nonnegative, so that taking square roots gives lu+vl=lull -l vIl. For the other
direction, if lu+wvl=lull =l v, then first of all, since the left-hand side is

nonnegative, the right-hand side must be as well, so that l ull>ll vII. Next, we can
square both sides of the equality, so that

Mall =1 vi)>=lul>20ulll vl +I vI*and

lu+vi’=u-u+2u-v+v-v

are equal. But l ull’=u-u and similarly for v, so that canceling those terms gives
2u-v= 2l ulll vll and thus u-v=—1llulll vl . Using the lemma again shows that
u and v point in opposite directions.
53.
Solution:
Prove Theorem 1.2(b) by applying the definition of the dot product:

u-v =U1(V1 +W1)+U2(V2 +W2)+---+Lln(V,7 +Wn)
=uv, +tuw +uVv, +tuw,+--+tuv +Uw,
=(U1V1 +U2V2 -i-"'-l-UnVn)-i-(U1W1 +U2W2 +"'+Uan)

=u-v+u-w.

54.

Solution:

Prove the three parts of Theorem 1.2(d) by applying the definition of the dot product
and various properties of real numbers:

Part 1: For any vector u, we must show u-u>0. But
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U-U=UU +UU, ++UU =U>+U;+-+ U
Since for any real number x we know that x* >0, it follows that this sum is also
nonnegative, so that u-u>0.
Part 2: We must show that if u=0 then u-u=0.But u=0 means that v, =0 for all /,
so that
uu=0-0+0:-0+---+0-0=0.
Part 3: We must show that if u-u=0, then u=0. From part 1, we know that

uu=u+ul++0l,
n

and that uf >0 for all i. So if the dot product is to be zero, each u,? must be zero,

which means that u, =0 for all / and thus u=0.

Solution:
We must show d(u,v)=lu-vl =l v-ul =d(v,u). By definition, d(u,v)=lu-vi.
Then by Theorem 1.3(b) with ¢ =-1, we have I —-w ll =ll wll for any vector w; applying

this to the vector u—v gives

lu-vi=l-(u-v)i=lv-ul,

which is by definition equal to d(v,u).

Solution:
We must show that for any vectors u,v and w that d(u,w) < d(u,v)+d(v,w). This is

equivalent to showing that lu—-wl <llu—-vl +1 v—wl . Now substitute u—v for x
and v—w for y in Theorem 1.5, giving

Tu-wi=l(u-v)+(v-w)l<lu-vi+lv-wl.

Solution:
We must show that d(u,v) =lu-vIl=0 if and only if u=wv. This follows immediately

from Theorem 1.3(a), Il wll =0 if and only if w =0, upon setting w=u-v.
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58.
Solution:
Apply the definitions:
u-cv =[u1,u2,...,un]-[cv1,cv2,...,cvn]
=ucv, +Uucv, +--+Ucv,
=CUV, +CUV, +--+CUV,
= c(u1v1 FUV, ot unvn)
= c(u . v).
59.
Solution:

We want to show that lu—-v il >llull -l vIl. This is equivalent to showing that

lull <lu-vl +1 vi.This follows immediately upon setting x=u—-v and y=v in
Theorem 1.5.

60.

Solution:

If u-v=u-w, it does not follow that v=w. For example, since 0-v =0 for every
vector vin R”, the zero vector is orthogonal to every vector v. So if u=0 in the above
equality, we know nothing about v and w. (as an example, O~[1,2]: 0 {—17,12]). Note,

however, that u-v=u-w implies that u-v-u-w :u(v—w) =0, so thatu is
orthogonal to v—w.

61.

Solution:
We must show that (u+v)(u—v) =lul®> -1 vI? for all vectors in R”. Recall that for
any win R” that w-w =l wllI?, and also that u-v=v-u. Then

(u+v)(u—v):u~u+v-u—u-v—v-v:II ul?> +u-v—u-v—lIlviP=lull> =1l vIi?.

62.
Solutions:

(a) Let u,v e R". Then

lu+vIi>+lu-vi?

(u+v) (urv)+(u-v)-(u-v)

(u-u+v~v+2u~v)+(u-u+v~v—2u~v)

lal? 41 v||2)+2u.v+(|| ull2 +1 v||2)—2u-v

=20 ull®> +20 vi?.
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(b) Part (a) tells us that the sum of the squares of the lengths of the diagonals of a
parallelogram is equal to the sum of the squares of the lengths of its four sides.

u-+v

63.
Solution:

Let u,v e R". Then
%II u+vl? —%II u—vII2:%[(u+v)-(u+v)—((u—v)~(u—v)]

u~u+v-v+2u~v)—(u-u+v-v—2u-v)}

—

lall? = lall®)+ (v i® - v||2)+4u-v]

64.
Solutions:

(a) Let u,v e R". Then using the previous exercise,

lu+vislu-vil <lu+vIi?=lu-wvl?

Slu+vii?—llu-vi?=0
1 1

S —lu+rvli>——llu-vli*=0
4 4

Su-v=0
< u and v are orthogonal.

(b) Part (a) tells us that a parallelogram is a rectangle if and only if the lengths of its
diagonals are equal.
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u+y

65.
Solutions:
(a) By Exercise 55,(u+v)~(u—v) =lull®> -1 vI*. Thus (u+v)-(u—v) =0 if and only if
lul?>=1l v I, It follows immediately that u+v and u—v are orthogonal if and only

if lull=1wvl.

(b) Part (a) tells us that the diagonals of a parallelogram are perpendicular if and only
if the lengths of its sides are equal, i.e., if and only if it is a rhombus.

u+v

66.
Solution:
From Example 1.9 and the fact that w-w =l w I, we have

lu+vI?=lul> +2u-v+ 1l v II”. Taking the square root of both sides yields

lu+wvl= \/II ull®> +2u-v+ 1 v II> . Now substitute in the given values llull=2,Il vii= \/5,
and u-v =1, giving

lutvi=y22+2. 1+ (3 =4 1243 =9 = 3.
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67.

Solution:
From Theorem 1.4 (the Cauchy-Schwarcz inequality), we have |u . v| lulll vl If

lull=1 and I vi=2, then |u-v|£2,so we cannot have u-v =3.

68.

Solutions:
(a) If uis orthogonal to both v and w, then u-v=u-w=0. Then

u-(v+w):u-v+u~w=0+0:0,

so that u is orthogonal to v+ w.

(b) If uis orthogonal to both v and w, then u-v=u-w=0. Then
u-(sv+tw):u~(sv)+u~(tw)=s(u~v)+t(u-w)=s-0+t-0=0,

so that u is orthogonal to sv +tw.

69.
Solution:
We have
. u-v
u-(\l—prOJuv) =u {v—(—)u}
u-u
[u.v]
=u-v-u-|— |u
u-u
u-v
=u-v—| — |(u-u
e
=u-v-u-v
=0.
70.
Solutions:

. . c(u-v u-v_ . u-v .
(@) proj, (pI’O_]uV) = proj, (— uj = ——projju=——u=projv.
u-u u-u u-u

(b) Using part (a),

proj, (v - projuv) = proj, (v _uv uj = (
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(c) From the diagram, we see that proj v Il u, so that proj, (projuv) = proj,v. Also,

(v - projuv) L u, so that proj, (v - projuv) =0.

proj, (»)

—proj,(v)

V= proj,(v)

1.
Solutions:
(a) We have
2
2 2 2 2 _ 42,2 2,2 2,2 2,2 2.2 42,2
(u1 +u2)(v1 +v2)—(u1v1 +u2v2) = UV, UV H ULV UYL UV —2UV ULV, — UV
_ 42,2 2,2
=uv, +uv; —2uUu,Vv.y,

But the final expression is nonnegative since it is a square. Thus the original

expression is as well, showing that (u12 + uj)(v12 + v22)—(u1v1 +U,V, )2 >0.
(b) We have

2
2 2 2 2 2 2

(u1 +Uu, +u; )(v1 +Vv, +V ) —(u1v1 +uV, + u3v3)
42,2 2.,2 2,2 2,2 2.,2 2.,2 2.,2 2,2 2,2
= UV + UV, +UVE ULV ULV, ULV ULV ULV ULV
2.,2 2,2 2,2
Ve —2UuV UV, — UV, —2U VUV, — UV - 20,V UV,

_,42,,2 2,,2 2,2 2,2 2.,2 2.,2

= UV, + UV + UV + ULV +ULVS ULV,

—2uu,vyv, -2uvuyv, —2u,V.u.v,

2 2 2

= (u1v2 —u2v1) +(u1v3 —u3v1) +(u3v2 —u2v3) .
But the final expression is nonnegative since it is the sum of three squares. Thus
the original expression is as well, showing that

a2+ ) (v evi+vi)—(uv. +uv. +uv.) =0
1 2 3 1 2 3 11 22 33 - °
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72.

Solutions:

(a) Since proj,v = 2u, we have
u-u

. . u-v u-v
prOJuV-(V—prOJuV) = —u-[v——u)
u.

so that proj,v is orthogonal to v —proj,v. Since their vector sum is v, those three
vectors form a right triangle with hypotenuse v, so by Pythagoras’ Theorem,

"proj“v”2 < ||proj“v||2 + ||v - proj“v”2 =l v iz,

Since norms are always nonnegative, taking square roots gives ||projuv|| M wll.

(b)
lprojv|<ivi < (uju < vl
u-u
u|<ll vl
lul
Y uisivl
lul
Ju-v]
o ———<lwvl
lull
S lu-vl<iullvi,
which is the Cauchy-Schwarcz inequality.
73.
Solution:
. . cliul
Suppose proj,v =cu. From the figure, we see that cosé = TR But also
v
u-v . .
cosd = —— . Thus these two expressions are equal, i.e.,
Talll vl
cllul u-v u-v u-v u-v
= =cllul= c= = .
vl Talll vl lul lTulllul u-u
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74.
Solution:
The basis for induction is the cases n=1 and n=2. The n=1 case is the assertion

that ||v1|| < ||v2||, which is obviously true. The n=2 case is the Triangle Inequality, which
is also true.

Now assume the statement holds for n=k > 2; that is, for any v ,v_,...,v,
R N A R A

Let v,v,,...,v,,v, . be any vectors. Then

||v1+v2+---+vk+v

k+1 =”v1+v2+---+(vk+vk”)

<l ol oo o+ v

k+1

using the inductive hypothesis. But then using the Triangle Inequality (or the case
n =2 in this theorem), ||vk +v, || < ||vk||+||v

o |l - Substituting into the above gives

v, v, v v | < v+ v, v

k+1
<Jwil ol o o+ v

which is what we were trying to prove.

EXPLORATION: VECTORS AND GEOMETRY

1.
Solution:
As in Example 1.25, let p = OP . Then p-a= AP = %ﬁ = %(b—a), so that
p=a +%(b—a) = %(2a+b). More generally, if P is the point 1 of the way from A to B
n
along TB, then p-a = AP = lIB:l(b—a), so that p :a+l(b—a):l((n—1)a+b).
n n n n
2.

Solution:

Use the notation that the vector ox is written x. Then from exercise 1, we have
1 1
p :E(a+c) and q :E(b+c), so that

@:q—pz%(b+c)—%(a+c)=%(b—a)ngB.
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3.
Solution:
Draw AC. Then from exercise 2, we have % = %ﬁ = SR. Also draw BD. Again from
exercise 2, we have PS = %ﬁ = @ Thus opposite sides of the quadrilateral PQRS are
equal. They are also parallel: indeed, ABPQ and ABAC are similar, since they share an
angle and BP: BA=BQ:BC.Thus «BPQ = ~BAC ; since these angles are equal,
PQIl AC. Similarly, SRl AC so that PQIl SR. In a like manner, we see that PS Il RQ.
Thus PQRS is a parallelogram.
4.
Solution:
Following the hint, we find m, the point that is two-thirds of the distance from A to P.
From exercise 1, we have
pzl(b+c), so that m:1(2p+a):1 2~1(b+c)+a :l(a+b+c).
2 3 3 2 3
Next we find m' , the point that is two-thirds of the distance from B to Q. Again from
exercise 1, we have
q:l(a+c), so that m’:l(2¢:|+b):l 2-l(a+c)+b :l(a+b+c).
2 3 3 2 3
Finally we find m", the point that is two-thirds of the distance from C to R. Again from
exercise 1, we have
1 , 1 1 1 1
r=—(a+b), so that m :—(2r+c)=— 2o—(a+b)+c :—(a+b+c).
2 3 3 2 3
Since m=m’'=m’, all three medians intersect at the centroid, G.
5.

Solution:

With notation as in the figure, we know that AH is orthogonal to BC ; that is,
AH-BC =0. Also BH is orthogonal to AC ; that is, BH-AC = 0. We must show that
CH-AB=0.But

m-%:O:(h—a)(b—c):o:>h~b—h-c—a-b+a-c:O
ELA—C:O:(h—b)-(c—a)=0:>h-c—h-a—b~c+b-a=0.

Adding these two equations together and canceling like terms gives
O:h-b—h-a—c~b+a-c:(h—c)-(b—a):a-/-A—B,

so that these two are orthogonal. Thus all the altitudes intersect at the orthocenter H.

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

~¢Cengage

Solution and Answer Guide: Poole, Linear Algebra: A Modern Introduction, 5e, 2026, 9798214013053;
Chapter 1: Vectors

6.
Solution:
We are given that Q—K is orthogonal to AC and that PK is orthogonal to cB , and must
show that RK is orthogonal to AB. By exercise 1, we have q = %(a + c),p = %(b+c),
and r = l(a+b). Thus
2
— 1
K-AC=0=>(k—-q)-(c-a)]=0=|k-—(a+c)|-(c—-a)=0
: (k-a)-(e-a)=0= (k- F(are) |fe-a)
e D 1
PK-CB=0=k-p)-(b-c)]=0=|k-—=(b+c)|-(b-c)=0.
(k-p)-(b-e)=0= (k- 1{bre) |(b-c)
Expanding the two dot products gives
k~c—k~a—la~c+la~a—lc-c+la-c=0
2 2 2 2
1 1 1 1
k-b-k-c——b-bt—b-c——c-b+—c-c=0.
2 2 2 2
Add these two together and cancel like terms to get
O=k-b-k-a——-b-b+_a-a= k—l(b+a) (b-a)=(k-r)-(b-a)=RK-AB.
2 2 2
Thus RK and AB are indeed orthogonal, so all the perpendicular bisectors intersect at
the circumcenter.
7.
Solution:
Let O, the center of the circle, be the origin. Then b =-a and Il all’=l ¢ I’=r*> where r
is the radius of the circle. We want to show that AC is orthogonal to BC . But
AC-BC :(c—a)-(c—b)
:(c—a)-<c+a)
lecl*>+c-a-llal’*-a-c
:(a~c—c-a)+(r2—r2)=0.
Thus the two are orthogonal, so that ~ACB is a right angle.
8.

Solution:
As in exercise 5, we first find m, the point that is halfway from P to R. We have

p=%(a+b) and r=%(c+d),so that
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m=%(p+r)=%(%(a+b)+%(c+d)}=%(a+b+c+d).
similarly, we find m' , the point that is halfway from Q to S. We have q = %(b+c) and
s:%(a+d), so that

m':%(q+s):%(%(b+c)+%(a+d)J:%(a+b+c+d).

Thus m=m’, so that PR and 6:5 intersect at their mutual midpoints; thus, they bisect
each other.

1.3 LINES AND PLANES

1.
Solutions:
(a) The normal form is n~(x—p)=0, or 3 X = 0 =0.
2 0
X
(b) Letting x :{ :I, we get
y
G H-E
: - = : =3x+2y=0.
2 y 0 2| |y
The general form is 3x+2y =0.
2.

Solutions:

(a) The normal form is n-(x—p) =0, or {_ﬂ(x—{ﬂ} =0.

(b) Letting x = {X:I, we get
y

CHEHIAEIE - sema-stm-e

Expanding and simplifying gives the general form 3x -4y =2.
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3.
Solutions:
. L 1 -1
(a) In vector form, the equation of the lineis x=p+td, or x = {O} +t{ 3:‘.
. X . . X 1-t
(b) Letting x ={ :I and expanding the vector form from part (a) gives { }z{ - :I,
y y
which yields the parametric form x =1-t,y = 3t.
4.
Solutions:
. L 3 =1
(a) In vector form, the equation of the lineis x=p+td, or x :{ 3} +t|: 1}.
X
(b) Letting x :{ :I and expanding the vector form from part (a) gives the parametric
y
form x=3-t,y=t-3.
5.
Solutions:
0 1
(a) In vector form, the equation of the lineis x=p+td, or x =0 |+t|-1].
0 4
X
(b) Letting x =| y | and expanding the vector form from part (a) gives the parametric
z
form x=t, y=-t,z=4t.
6.
Solutions:
-3 1]
(a) In vector form, the equation of the lineis x=p+td,or x=| 1|+t|0]|.
2 5
X x| [-3+t
(b) Letting x =| y | and expanding the vector form from part (a) gives | y | = 1 ,
z z 245t
which yields the parametric form x=t-3,y =1,z=5t+2.
7.
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Solutions:
3 0
(a) The normal form is n-(x—p):o,or 2(-|x—|1||=0.
1 0
.
(b) Letting x=| y |, we get
z
3l ([x] [o 3| [ x
2|y |- ||=|2]-|y-1|=38x+2(y-1)+z=0.
1 z 0 1 z

Expanding and simplifying gives the general form 3x+2y +z =2.

8.
Solutions:
1 -3
(a) The normal form is n~(x—p):O, or |[O|-|x—| 1||=0.
5 2
X
(b) Letting x=| y |, we get
z
1 X -3 1 X+3
0] yi-1 1[=]0|-ly-1 =(x+3)+5(z—2):0.
5 z 2 5| 1z-2
Expanding and simplifying gives the general form x+5z=7.
9.
Solutions:

(a) In vector form, the equation of the lineis x=p+su+tv, or

0 2 -3
X=|0|+s|1|+t| 2].
0] 2 1
X
(b) Letting x =| y | and expanding the vector form from part (a) gives
z
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X 2s -3t
y|=| s+2t
z 2s+t

which yields the parametric form the parametric form
X=25-3t,y=s+2t,z=2s+t.

Solutions:
(a) In vector form, the equation of the line is x =p +su+tv, or

4 1 -1
Xx=|-1|+s|1 |+t 1].
3 0 1

X
(b) Letting x =| y | and expanding the vector form from part (a) gives the parametric
z

form x= 4+s-t,y=-1+s+t,z=3+t.

Solution:

Any pair of points on ¢ determine a direction vector, so we use P and Q. We choose P
to represent the point on the line. Then a direction vector for the line is

d= P—Q = (3,0)—(1,—2) = (2,2). The vector equation for the lineis x=p +td, or
{ 1} l:z}

X = +t .
-2 2

Solution:

Any pair of points on ¢ determine a direction vector, so we use P and Q. We choose P
to represent the point on the line. Then a direction vector for the line is

d= % = (2,1,3) - (4,—1,3) = (—2,2,0). The vector equation for the lineis x=p+td, or

4 -2
x=|-1|+t| 2/|.

3 0
Solution:

We must find two direction vectors, u and v. Since P,Q, and R lie in a plane, we
compute We get two direction vectors
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u=PQ=q-p=(40,2)-(111)=(3-11)
v=PR=r-p=(0,1-1)-(111)=(-10,-2).

Since u and v are not scalar multiples of each other, they will serve as direction
vectors (if they were parallel to each other, we would have not a plane but a line). So

1 3 -1
the vector equation for the planeis x=p+su+tv,or x=|1|+s|-1|+t| O].
1 1 -2
Solution:
We must find two direction vectors, u and v. Since P,Q, and R lie in a plane, we
compute We get two direction vectors
u=PQ=q-p=(10,1)-(110)=(0,-11)
v=PR=r-p=(0,11)-(110)=(-10,1).
Since u and v are not scalar multiples of each other, they will serve as direction
vectors (if they were parallel to each other, we would have not a plane but a line). So
1 0 -1
the vector equation for the planeis x=p+su+tv,or x=|1|+s|-1|+t| O].
0 1 1

Solutions:
The parametric and associated vector forms x =p +td found below are not unique.

(a) As in the remarks prior to Example 1.20, we start by letting x =t. Substituting
x=t into y=3x-1gives y =3t-1. So we get parametric equations

. X 0 1
x =t,y =3t—-1, and corresponding vector form { :I :{ 1:] +t[3}.
y —

(b) In this case since the coefficient of y is 2, we start by letting x = 2t . Substituting

x =2t into 3x+2y =5 gives 3-2t+2y =5, which gives y=—3t+%.$o we get

. . 5 . . .
parametric equations x =2t, y = > - 3t, with corresponding vector equation

CHE3
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Note that the equation was of the form ax + by =c with a=3,b=2, and that a

N . b o .
direction vector was given by . This is true in general.
-a

16.

Solutions:

Note that x=p + t(q—p) is the line that passes through p (when t=0) and q (when
t=1). We write d=q-p; this is a direction vector for the line through p and q.

(a) As noted above, the line p +td passes through PP—gtt =0 and through Q at t =1.

So as t varies from 0 to 1, the line describes the line segment /%

(b) As shown in Exploration: Vectors and Geometry, to find the midpoint of %, we

start at P and travel half the length of % in the direction of the vector % =q-p.
That is, the midpoint of P_Q is the head of the vector p +%(q—p). Since
X=p+ t(q—p), we see that this line passes through the midpoint at t :%, and
. R 1 1
that the midpoint is in fact p + E(q —p) = E(p + q) .
. o1 1
(c) From part (b), the midpoint is 5([2,—3]{0,1}) = 5[2,—2]_[1,—1].

. o1
(d) From part (b), the midpoint is 5([1,0,1}[4,1,—2}) =

.y
1
o
o~

-—
1
Il
1
N | o
N =
|
N =
| |

(e) Again from Exploration: Vectors and Geometry, the vector whose head is % of the
way from P to Q along % is x, = %(2p+ q). Similarly, the vector whose head is %
of the way from P to Q along I?Q is also the vector one third of the way from Q to

P along Q_P; applying the same formula gives for this point x, = %(2q+ p). When
p= [2,—3] and q = [0, 1}, we get
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(f) Using the formulas from part (e) with p = [1,0,—1] and q= [4,1,—2] gives

1 1 1 4
X, = 5(2[1,0,—1}{4,1,—2]) _ 5[6,1,—4] - {2,5,—5}

1 1 2 5
X, = 5(2[4,1,—2}{1,0,—1]) - 3[0.2.-5] =[3,§,—5}.

Solution:
A line 7, with slope m, has equation y =mx+b,, or -mx+ y = b,. Similarly, a line 7,

with slope m, has equation y =m,x+b,, or -m,x+ y = b,. Thus the normal vector for

-m -m
[, is n, :{ 11}, and the normal vector for 7, is n, :{ 12}. Now, /., and /, are

perpendicular if and only if their normal vectors are perpendicular, i.e., if and only if

n -n, =0. But
-m, | | -m
o { 1” 12}:m1m2+1’

so that the normal vectors are perpendicular if and only if mm, +1=0, i.e., if and only

if.mm, =-1.

Solutions:

Suppose the line ¢ has direction vector d, and the plane 2 has normal vector n. Then
if d-n=0 (d and n are orthogonal), then the line ¢ is parallel to the plane £. If on the
other hand d and n are parallel, so that d =n, then 7/ is perpendicular to &.

2
(a) Since the general form of ¢ is 2x +3y —z =1, its normal vector is n=| 3. Since
-1
d =1, we see that /¢ is perpendicular to 2.
4
(b) Since the general form of & is 4x -y +5z =0, its normal vector is n=|-1|. Since
5
2 4
d-n=|3|-|-1=2-4+3:(-1)-1-5=0,
-1 5

¢ is parallel to 2.
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1

(c) Since the general form of ¢ is x—y —z =3, its normal vector is n=|-1|. Since
-1
2 1
dn=| 3[|-1/=2-1+3:(-1)-1-(-1) =0,
=11 [ -1

! is parallel to 7.

4
(d) Since the general form of ¢ is 4x+6y —2z =0, its normal vector is n=| 6. Since
-2
2 4
d=| 3|=2| &|="n,
2 2
-1 -2

¢ is perpendicular to &.
19.

Solutions:
Suppose the plane ¢ has normal vector n , and the plane ¢ has normal vector n.

Then if n,-n=0 ( n, and n are orthogonal), then 7 is perpendicular to 2. If on the
P.

other hand n, and n are parallel, so that n =cn, then ¢ is parallel to Note that in
4
this exercise, 9, has the equation 4x -y +5z =2, so that n, =| -1|.
5
2
(a) Since the general form of ¢ is 2x +3y —z =1, its normal vector is n=| 3|. Since
-1
4 2
n-n=|-1| 3(=4.2-1.3+5-(-1)=0,
511

the normal vectors are perpendicular, and thus 4, is perpendicular to #.

4
(b) Since the general form of ¢ is 4x—- y +5z =0, its normal vector is n=|-1|. Since
5

n =n, g is parallelto 2.
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1

(c) Since the general form of ¢ is x—y —z =3, its normal vector is n=|-1|. Since
-1
4l 1
non=|-1-|-1=4.1-1-(-1)+5-(-1) =0,
511

the normal vectors are perpendicular, and thus 4 is perpendicular to &.

4
(d) Since the general form of ¢ is 4x+6y —2z =0, its normal vector is n=| 6. Since
-2
4l a
n-n=|-1-| 6|=4-4-1.6+5-(-2)=0,
51 1|-2

the normal vectors are perpendicular, and thus 4 is perpendicular to &.

20.

Solution:

Since the vector form is x =p +td, we use the given information to determine p and d.

2
The general equation of the given line is 2x -3y =1, so its normal vector is n ={ }

2
Our line is perpendicular to that line, so it has direction vector d=n =|: 3}.

2
Furthermore, since our line passes through the point P = (2,—1), we have p :{ J. Thus

the vector form of the line perpendicular to 2x —3y =1 through the point P = (2,—1) is.

MEEEH

21.

Solution:

Since the vector form is x =p +td, we use the given information to determine p and d.

2
The general equation of the given line is 2x -3y =1, so its normal vector is n :{ 3}.
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3
Our line is parallel to that line, so it has direction vector d = {2} (note that d-n=0).

2
Since our line passes through the point P = (2,—1), we have p :{ 1:', so that the vector

equation of the line parallel to 2x -3y =1 through the point P = (2,—1) is
X 2 3
= +t| |
L’} L} [2}

Solution:
Since the vector form is x =p + td, we use the given information to determine p and d.

A line is perpendicular to a plane if its direction vector d is the normal vector n of the
plane. The general equation of the given plane is x -3y +2z =5, so its normal vector is

1 1
n =| -3 |. Thus the direction vector of our line is d=|-3|. Furthermore, since our line
2 2

-1
passes through the point P = (—1,0,3), we have p =| 0. So the vector form of the line
3

perpendicular to x -3y +2z =5 through P = (—1,0,3) is

X =1 1

y|=| O|+t]|-3].

4 3 2
Solution:

Since the vector form is x =p +td, we use the given information to determine p and d.
Since the given line has parametric equations

X 1 -1
x=1-t, y =2+3t, z=-2-t, it has vector form yi=| 2|+t| 3.
z -2 -1

-1
So its direction vector is | 3|, and this must be the direction vector d of the line we
-1

want, which is parallel to the given line. Since our line passes through the point
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-1
P = (—1,0,3), we have p =| 0|. So the vector form of the line parallel to the given line
3

through P=(—1,0,3) is

X -1 -1
y|=| 0|+t| 3].
z 3 -1
Solution:
Since the normal form is n-x =n-p, we use the given information to determine n and
p. Note that a plane is parallel to a given plane if their normal vectors are equal. Since
6
the general form of the given plane is 6x — y +2z = 3, its normal vector is n=|-1|, so
2
this must be a normal vector of the desired plane as well. Furthermore, since our
0
plane passes through the point P = (O,—2,5), we have p =|-2|. So the normal form of
5

the plane parallel to 6x — y + 2z =3 through (0,—2,5) is

6| | x 6 0 6| | x

=1-ly|=|-1]|-2| or|-1|-|y|=12.

21 |z 2 5 2| |z
Solutions:

Using Figure 1.34 in Section 1.2 for reference, we will find a normal vector n and a point
vector p for each of the sides, then substitute into n-x=n-p to get an equation for

each plane.

(a) Start with ¢ determined by the face of the cube in the xy-plane. Clearly a normal

1

vector for & is n=|0 |, or any vector parallel to the x-axis. Also, the plane passes

0
0]
through P = (0,0,0), so we set p =|0|. Then substituting gives
0]
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1] | x 1110
O-|y|=|0|-]0 or x =0.
0| |z 0|10

So the general equation for & is x = 0. Applying the same argument above to the
plane 9 determined by the face in the xz -plane gives a general equation of y =0,

and similarly the plane ¢, determined by the face in the xy-plane gives a general
equation of z=0.

Now consider 2, , the plane containing the face parallel to the face in the yz-plane

,
but passing through (1, 1,1). Since ¢, is parallel to ¢, its normal vector is also |0 |;
0
]

since it passes through (1,1,1), we set p =|1|. Then substituting gives
1

1
ol-
0

1 1
=10]-[1 or x =1.
0] |1

NS X

So the general equation for 7, is x =1. Similarly, the general equations for 4 and

g, are y=1and z=1.

X
Let n=| y | be a normal vector for the desired plane . Since & is perpendicular
z

to the xy-plane, their normal vectors must be orthogonal. Thus

=x-0+y-0+z-1=2z=0.

N < X
- O O

X
Thus z =0, so the normal vector is of the form n=| y |. But the normal vector is
0

also perpendicular to the plane in question, by definition. Since that plane contains
both the origin and (1,1,1), the normal vector is orthogonal to (1,1,1)—(0,0,0):

X 1
yi-1l=x1+y - 1+z-0=x+y =0.
(O
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Thus x+y =0, so that y =—x. So finally, a normal vector to ¢ is given by

X 1
n =|—x | for any nonzero x. We may as well choose x =1, giving n=|-1|. Since the
0] 0

plane passes through (0,0,0), we let p =0. Then substituting in n-x =n-p gives

1| | x 110
1|y |=]-1]|-10|, or x-y=0.
0| |z 0| |0

Thus the general equation for the plane perpendicular to the xy-plane and
containing the diagonal from the origin to (1,1,1) is x—y=0.

As in Example 1.22 (Figure 1.34) in Section 1.2, use u= [0,1, 1} and v = [1,0,1} as two

X
vectors in the required plane. If n=| y | is a normal vector to the plane, then
z
nu=0=n-v:
x| 10 x| |1
nu=|y||1|=y+z=0=y=-z, n-v=|y|-|0|=x+Z2=0=>x=-2Z.
z 1 z 1
-z
Thus the normal vector is of the form n=|-z| for any z. Taking z = -1 gives
z

n=| 1|. Now, the side diagonals pass through (0,0,0), so set p=0. Then
-1

n-x=n-p yields

1 [ x 1110
1-ly|=| 1]-|0|, or x+y—-z=0.
-1 |z -1/ |0

The general equation for the plane containing the side diagonalsis x+ y -z =0.
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Solution:
Finding the distance between points A and B is equivalent to finding d(a,b), where a is
the vector from the origin to A, and similarly for b. Given x = [x,y,z], p= [1,0,—2] , and

q-= [5,2,4] , we want to solve d(x,p) = d(x,q); that is,

d(%,p) = J(x =17 +(y ~0)* +(2+2) = J(x ~5)° +(y -2 +(z - 4) =d(x.q).
Squaring both sides gives

(X=D+(y -0 +(z+2)" =(x-5)+(y =20 +(z-4)" =
X —2x+1+y* + 22 +4z+4=x>-10x+25+ y> -4y +4+2° -8z +16 =
8x+4y+12z=40 =
2x+ y +3z =10.

Thus all such points (x,y,z) lie on the plane 2x+ y +3z=10.

Solution:

|c1x0 + by, —c| ] ] . 1
To calculate d(Q,f) =——————— we first put 7 into general form. With d = e we

1
get n= [J since then n-d =0. Then we have

1 [ x 1 -1
n-XxX=n-p= . = =1.
H L’} HL}
Thus x+y =1 and thus a=b=c=1. Since Q:(Q,Q):(xo,yo),we have

o &2

d(Q’g):w:i ﬁ

Solution:
-2
Comparing the given equation to x =p +td, we get P = (1,1,1) and d=| 0. As
3

suggested by Figure 1.63, we need to calculate the length of R_é, where R is the point
on the line at the foot of the perpendicular from Q. So if v = %, then
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ﬁ:projdv,ﬁgzv—projdv.

0 1 -1
Now, v=PQ=q-p=|1|-|1|=| O], so that
o (1] [
2
-2 vy
. d-v ~2-(-1)+3-(-) 13
proj,v = ddd: 0= 0].
-2-(-2)+3-3 sl | 3
13
Thus
205
-1 13 13
v-proj,v=| 0|~ 0= 0].
o3|
13 13

Then the distance d(Q,é) from Q to 7 is

s [[2|] s 513
"v—projdv":E ;) :6,132+Q2:?.

29.
Solution:

|OXO +by, +cz, —d| ) )
= , we first note that the plane has equation
\Ja? +b* +¢?

X+y—-z=0,sothat a=b=1c=-1,and d =0. Also, Q:(2,2,2),sothat

To calculate d(Q, 9’)

X, =Y, =2,=2.Hence

d(Q,g)):|1-2+1.2—1.2—0| 2 &

2+ + (1) 3 3

30.
Solution:
|ox0 +by, +cz, —d|
= , we first note that the plane has equation
Ja® + b7 +¢?
X-2y+2z=1,s0that a=1b=-2c=2,and d =1. Also, Q =(0,0,0), so that

X, =Y, =2,=0.Hence

To calculate d(Q,ﬂ’)
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_|1-o-2-0+2-o-1| K

d(Q,# .
( ) VP + (=27 +2? 3
31.
Solution:
Figure 1.66 suggests that we let v = %; then w = PR = proj,v. Comparing the given
1
line ¢ to x=p+td, we get P=(—1,2) and d:|: }.Then
v=PO-= S22 Next
SR ATPEL T o T o) ’
. d-v 1-3+(—1)-0 1 3| 1
W = proj,v = d= =— .
d-d 1.1+(_1).(_1) -1 2]~
So
3 1
r=p+ﬁ=p+projv=p+w= - + 2 = 2 .
) 20|23 |2
2 2
. . . 11
So the point R on ¢ that is closest to Q is (E,EJ
32.
Solution:

Figure 1.66 suggests that we let v = %; then PR = proj,v . Comparing the given line /¢

-2 0 1 -1
to x=p+td, we get P:(1,1,1) and d=| 0|. Then v:P—qu—pz 1|-|1|=| O|. Next,
3 0 1 -1
2
-2 Y
. -2 (<1)+3- (-1 13
projdv:[: :jd:[ (2)2 32( )J 0= 0].
(=2)" + 3 | 3
13

So
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15

. ] 3] |13
r=p+PR=p+projv=|1/+ O|=| 1
1 3 10

13 13

. . . 1 1
So the point R on ¢ that is closest to Q is [—5 1 —OJ

137713
33.
Solution:
Figure 1.67 suggests we let v = %, where P is some point on the plane; then
1
QR = proj v. The equation of the planeis x+y-z=0,s0 n=| 1|. Setting y =0
-1
shows that P = (1,0,1) is a point on the plane. Then
2 1 1
V=PQ=q-p=|2|-|0|=|2],
2 1 1
so that
_ 2_
1 3
. n-v T-1+1-1-1-1 2
projv=|——n=| ———— || 1/=| —|.
n-n P+ 17 +(=1)7° 3
-1 2
| 3]
Finally,
~ Z_ _ﬁ_
1 1 3 3
— — . 2 4
r=p+PQ+PR=p+v-projv=|0|+|2|- 3 = 30
1 1 _2 §
(. 3_ _3_

Wl
w|H

Therefore, the point R in & that is closest to Q is (

w| oo
N——
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Solution:

Figure 1.67 suggests we let v = @, where P is some point on the plane; then

1
& =proj v. The equation of the plane is x -2y +2z=1,s0 n=|-2|. Setting y=z=0
2

shows that P = (1,0,0) is a point on the plane. Then

0 1 -1
v=PQ=q-p=|0|-|0|=| O,
0 0 0
so that
__l_
1 9
: n-v 1-(-1) 2
projv=——[n=| ————— || -2|=| —|.
n-n P+ (-2 +2° 9
2 2
| o]
Finally,
__l_ __l_
1] [ 9 9
- . 2 2
r=p+PQ+PR=p+v-projv=|0|+| O|- 5 = sl
0] 0 2 2
L 9_ L 9_
. . . . 172 2
Therefore, the point R in & that is closest to Q is (—5,5,—5 .
Solution:
Since the given lines /. and 7, are parallel, choose arbitrary points Q on /. and P on
l,,say Q= (1,1) and P = (5,4). The direction vector of £, is d= [—2,3] . Then
v-PO- 1] |s] [-4
SR ATRE LT 4T s
so that
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. —2(-4)+3-(-3) || 2 -2
proj,v = d-v d= ( ) ( ) -1 .
d-d (-2)* +3° 3 13| 3

Then the distance between the lines is given by
3
2

S B

_18
13

18
18 .

jv-sroi]

36.

Solution:

Since the given lines /., and /, are parallel, choose arbitrary points Q on /., and P on

l,,say Q= (1,0,—1) and P = (0,1,1). The direction vector of /7, is d = [1, 1,1]. Then

1 0 1

v=PQ=q-p=|0|-|1|=| -1,

(1] -2

so that
1 1
. 1141 (1) +1- (=2

proj,v = d-v d= ( ) ( ) 1 =—21
d-d P+P+7P ] 31

Then the distance between the lines is given by

L 2 2_@
1 _3\/5 HED (4 =

N

WD w|l=wlo

1 21
||v—projdv||: -1 +§ =l -

37.

Solution:

Since 2 and 2

, » are parallel, we choose an arbitrary point on 7, say Q = (0,0,0) , and

,
compute d(Q,J’z). Since the equation of ¢, is 2x+ y -2z =5, we have
a=2,b=1c=-2, and d =5; since Q:(0,0,0),We have x, = y, =z, =0. Thus the

distance is

ox, +by, +cz,-d| [2.0+1.0-2.0-5 5

VJa? +b* +¢? V22 + 1P+ 2 3

d(%.4)=d(e.%)

N
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Solution:
Since ¢ and 9, are parallel, we choose an arbitrary point on ¢, say Q = (1,0,0), and
compute d(Q,gg). Since the equation of & is x+y +z=3,we have a=b=c=1 and
d =3; since Q= (1,0,0), we have x, =1y, =0,and z, =0. Thus the distance is
ax, +by +cz . —-d| [1-1+1-0+1-0-3
d(ffz,gg):d(Q,gg)J o +by, ez, -d|_| 2 2B
Ja? + b? +c? NP+T+1 \/5 3
Solution:
ax_ +by —-c a
We wish to show that d(B,f) = M, where n = ,n-a=c,and B= (xo,yo). If
Vo? +b? b
V=AB= b —a, then
al|x
n~v:n-(b—a):n~b—n~a:{b]{y"}—c=axo+byo—c.
0
Then from Figure 1.65, we see that
) n-v |n-v| |c1x0+by0—c|
d(B, ) =|proj v| = n|= = .
(8.) = [proi,v] [n-nJ H il Ji+p
Solution:

|c1x0 +by, +cz, —d| a
We wish to show that d(B,(): ,where n=|b|,n-a=d, and

2 2 2
Ja?+ b +c c

B=(x0,y0,zo). If v=ﬁ=b—a,then

a X,

n~v=n-(b—a)=n-b—n-a= b|-ly,|-d=ax,+by,+cz,-d.

C Z,

Then from Figure 1.65, we see that

~ |n-v| ~ |axo+by0+czo—d|

. n-v
d(B, 6) = |||OrOJ,,v|| = H(nj nH =Tl E
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Solution:

Choose B = (xo,yo) on /,;since /, and /, are parallel, the distance between them is

d(B,éQ). Then since B lieson / , we have n-b = {G][Xo} =ax, + by, =c,. Choose A on
b 0

/,,sothat n-a=c,.Set v=b-a. Then using the formula in Exercise 39, the distance

is

_ |n'v| _ ‘n-(b—a)‘ _ |n~b—n-a| =|C1—C2|

d(€1,€2) =d(B, 62) Il nl Inl Inl I'nil

Solution:

Choose B = (xo,yo,zo) on 7 ;since ¢ and 4 are parallel, the distance between them

al |x
0
is d(B,!/;).Then since B lieson 4, we have n-b=|b ||y |=0x, +by, 6 +cz, =d,.

cl| |z,
Choose Aon ¢, so that n-a=d,. Set v=b-a. Then using the formula in Exercise 40,

the distance is

=|n~v| z‘n~(b—a)‘ =|n-b—n-a| =|d1—d2|

Inil I ni I nl I nl
Solution:
1 2
Since 4, has normal vector n, =|1| and ¢, has normal vector n, =| 1|, the angle ¢
1 -2

between the normal vectors satisfies

cosp MM, 1-2+1-1+1-(—2) B

[ SRt J2Z+ (2 W3

Thus
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44,
Solution:
3 1
Since ¢ has normal vector n, =|-1| and ¢ has normal vector n, =| 4|, the angle ¢
2 -1

between the normal vectors satisfies

n 3:1-1-4+2-(-1)

2

n _ _ 3 __ 1 .
||n1||||n2|| \/32 +(-1)% + 22 \/12 +4% +(-1)7° J1ais s

This is an obtuse angle, so the acute angle is

cos 0 =

7—60=x—-cos” {—LJ ~79.1°.

J28

45.

Solution:

First, to see that & and /¢ intersect, substitute the parametric equations for 7 into
the equation for &, giving

x+y+22=(2+t)+(1—2t)+2(3+t)=9+t=O,

so that t =-9 represents the point of intersection, which is thus

(2+(—9),1—2(—9),3+(—9)):(—7,19,—6). Now, the normalto ¢ is n=|1|, and a

2

1
direction vector for ¢ is d=|-2|. So if # is the angle between n and d, then 6

1
satisfies

n-d 1141 (-2)+ 21 1
R TRNG FP PP (2 4 6’

so that

6 =cos™ [lJ ~ 80.4°.
6

Thus the angle between the line and the plane is 90" —80.4° ~ 9.6°.
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46.

Solution:

First, to see that & and ¢ intersect, substitute the parametric equations for 7 into
the equation for &, giving

4x-y-z=4-t-(1+2t)-(2+3t)=-t-3=8,

so that t = -9 represents the point of intersection, which is thus
4
(—9,1+2-(—9),2+3~(—9)) = (—9,—17,—25). Now, the normalto ¢ is n=|-1|, and a
-1
1

direction vector for ¢/ is d=|2|. So if 0 is the angle between n and d, then é satisfies
3

n-d 4.1-1.2-1-3

]
TInlldl Jg2 o PyPi2ia? A18aia

This corresponds to an obtuse angle, so the acute angle between the two is

cos @

(9=7Z—COS_1[ jz86.4°.

1
~ievha

Thus the angle between the line and the plane is 90° —86.4° ~ 3.6°.
47.

Solution:
We have p=v-cn, so that cn=v —p. Take the dot product of both sides with n,
giving
(cn)-n:(v—p)n =
c(n~n):v-n—p~n =
c(n~n) =v-n( since p and n are orthogonal) =
n-v

Note that another interpretation of the figure is that cn=proj v = (n_v]n, which also
n-n

implies that ¢ = “'_"_
n-n

Now substitute this value of c into the original equation, giving
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n-n
48.
Solutions:
1
(a) A normal vector to the plane x+ y+z=0 is n=|1|. Then
1
) [ 1
n-v=|1-[ 0/=11+1.0+1-(-2) = -1
1 | -2
(1] [
nn=1/|1=1T1+1-1+1-1=3,
11 (1
C 4]
1 1 3
so that c=—l.Then p=v- LU P +l 1| = 1 .
3 n-n 5 31 3
B _5
L 3_
3
(b) A normal vector to the plane 3x—y+z=0 is n=|-1|. Then
1
F3] ] 1
n-v=|-1-| 0/=3-1-1.0+1-(-2) =1
1 | -2
(3] ] 3
nn=|-1|-1=3-3-1-(-1)+1.1=1,
1 1
.
so that ¢ =—. Then
"
_ E_
1 3 n
p:v_n—vnz 0_1_1= l
n-n " "
-2 1 23
B
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1
(c) A normal vector to the plane x—2z=0is n=| 0]. Then
-2
ST A
n-v=| 0|-| 0|=11+0-0-2-(-2)=5
-2 -2
FAT
nn=| 0| 0[=11+0-0-2:(-2) =5,
-2 -2

so that ¢ =1. Then

1 1
p=v—(m—vjn= O|-| O0|=0.
n-n
-2 -2
Note that the projection is 0 because the vector is normal to the plane, so its
projection onto the plane is a single point.

2
(d) A normal vector to the plane 2x -3y +z =0 is n=|-3|. Then
1
1T A
n-v=|-3|-| 0(=2:1-3-0+1-(-2)=0
11 |12
T ]
n-n=|-3|-|-3[=2-2-3-(-3)+1:1=14,
1 1

so that c=0.Thus p=v=| 0|. Note that the projection is the vector itself
-2

because the vector is parallel to the plane, so it is orthogonal to the normal vector.

EXPLORATION: THE CROSS PRODUCT
1.

Solutions:
u,v, —u,v, 1-3-0: (_1) 3
(@ uxv=|uyv, -uyv, |=| 1-3-0-2 |=| 3|.
Uy, —uyV, 0- (_1) ~1-3 -3
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_u2v3 —u3v2_ -1-1-2-1 -3
(b) uxv=|uyv, -uyv, |=| 2:0-3-1 |=|-3]|.
UV, —u,v, | _3.1_(_1).0 3
_u2v3—u3v2_ 2'(—6)—3'(—4)
() uxv=|uyv, -uy, |= 3-2—(—1)~<—6) =0
UV, — UV —1~(—4)—2-2
luy, —uy,| [1-3-1-2 1]
(d) uxv=|uyv, -uyv, |=[1-1-1-3 |=|-2].
CAZS'AZS _1-2—1~1 1_
2.
Solution:
We have
1 0 0-0-0-1 0
e xe =0/x/1/=/0-0-1-0|= =e,
0 0 1.1-0-0
ol [o] [1-1-0-0] [
e,xe,=1/x|/0|=|0-0-0-1/=|0|=e,
0 1 0-0-1-0 0
ol [1] [o.-0-1-0] [0
e, xe =0x|0|=|1-1-0-0|=|1|=e,
1 0 0-0-0-1 0
3.
Solution:

Two vectors are orthogonal if their dot product equals zero. But

uv, —uyV, | |y,
(uxv)-u =l uyv,—uy, ||u,
uv, —uyv, | |u,

=(U2V3—UV )U +(UV —U1V3)U2+(U1V2—U2V1)U3
(U2V3U1 - U1V3U2 U3V1U2 uv.u, ) + (U1V2U3 U3V2U1) 0
uyv,—-uyv, v,
(u X V) " v,
uv, —u,v, v,
(U2V3 —u,v, ) v, + —uv, ) v, + (U1V2 —u,Vv, ) v,
(U2V3V1 U2V1V3) (U3V1V2 U3V2V1) + (U1V2V3 U1V3V2) 0.
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4.
Solutions:
(a) By Exercise 1, a vector normal to the plane is
o] [3] |12-1() 3
n=uxv=|1|x|-1|=| 1.3-0-2 |=| 3].
1 2 o.(_1)_1.3 -3
So the normal form for the equation of this planeis n-x=n-p, or
3| | x 3 1
3-|y|=| 3|-| 0|=9
-3| |z -3 |2
This simplifies to 3x+3y -3z=9,0r x+y -z =3.
2 1
(b) Two vectors in the plane are u=PQ=|1| and v=PR=| 3|. So by Exercise 1, a
1 -2
vector normal to the plane is
5 1] |1(-2)-1-3] [=s
n=uxv=|1|x| 3|=|11-2-(-2)|=| 5.
1 -2 2.3-1.1 5
So the normal form for the equation of this plane is n-x=n-p, or
5| | x -5 0]
5[-|y|=| 5||-1|=0
5| 1|z 5 1
This simplifies to -5x+5y +5z=0,0r x—y -z =0.
5.
Solutions:
_Vzus — V3, v, Uy,
(@) vxu=|v,u —uy, |=-|uyV, —uv, =—(u><v).
VU, —Vv,u, uyv, —uVv,
(u, ] [o] [u,-0-u,-0] o
(b) ux0=|u, |x|0|=|u,-0~-u,-0|=(0|=0
u,| |10 u-0-u,-0 0
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u,u, —u,u, 0
(c) uxu=|uu -uu, |=|0[=0.
uu, —uu, 0
u,kv, —u.kv, u,v, —uyv,
(d) uxkv=|ukv, —ukv, |=kluyv —-uv, = k(u X v).
ukv, —ukv, uyv, —uv,

(e) uxku=k(uxu)=k(0)=0 by parts (d) and (c).

(f) Compute the cross-product:

U2(V3 +W3)—U3(V2 +W2)
u><(V+W) = U3(V1 +W1)—U1(V3 +W3)
u, (V2 +W2)—U2 (V1 +W1)

(u2v3 - u3v2) + (U2W3 - u3w2)

= (U3V1 - U1V3) + <U3W1 - U1W3)

| (U1V2 - U2V1) + <U1W2 - U2W1)
uyv,—-uyv, uw, —uw,
=|uv,-uy, + uw, -uw,

AAAZ uw, —u,w,

UXV+UXW,

Solutions:
In each case, simply compute:

(a) u, V,W, =V, W,
u-(Vxw)=|u, || vw, —vw,
u, | |vw, —v,w,

=uyv,w, -uv.w, + uyvw, —uyvw, + uvw, -uv,w,
= (U2V3 - U3V2)W1 + (UBV1 - U1V3 ) W2 + (U1V2 - U2V1 )W3

=(uxv)- w.
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(b) _U1 VW, —V,W,
ux (V X W) u, | x| v.w, —v.w
( u

S~

(VW—VW) ( . T V,W,
(

VW—VW) 2(2 —VW2)

(U1W +uw, +uw, v uv, +u,v, +UV3)

3 11 3

uw, +u,w, +u,w

(¢ :
[

4 uv,+uyv, -f—UV3)W2

2 11 3

uw, +u,w, +u,w

1 3 3 171 3

Jvi -
Jv. -
f

AAAL\)

4 uv, +u,v, +UV3)W3

(UW +u,w, +UW 5

(UV +u,Vv, +UV)W

Wi

:(u~w)v

(c) L~ UV, ’
luxvli? =
UAZ
(

2 2 2

LV ) + (U3V1 - U1V3) + (U1V2 - U2V1)
2 2 2 2 2
+U +Uu ) (V1 +V2+V3) —(U1V1+U2V2+U3V3)

=l u II I vi?—(u-v)

Solution:

For problem 2, use the computation in the solution above to show that e xe, =e,.

Then
e, xe, =e2x(e1xe2)
:(92 ~e2)e1 —(e2 oe1)e2 6( b)
=1.e,-0-e, e,.~ej=0ifi¢j,e,.-e,.=1
=e.
Similarly,

e xe, :e3x(e2xe3)

:(e3 -433)e2—(e3-ez)e3 6( b)
=1.e,-0-e, e,.~ej:0ifi¢j,e,.~e,.=1

=e,.
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For problem 3, we have u~(uxv) = (uxu)-v by G(a), and then since uxu=0 by
Exercise S(C), this reduces to 0-v =0. Thus u is orthogonal to uxv. Similarly,
V- (u X v) = v-(—v X u) =-v- (v x u) by Exercise 5(a) , and then as before,

—v-(vxu):—(vxv)-u=—0-u=0, so that v is also orthogonal to uxwv.

8.
Solutions:
(a) We have
Tuxvi? =lull®l vi?—(u-v)?
=l all?l v =l ul®l vI? cos?d
=l ul”l v1I” (1-cos’0)
=l ull®ll v I” sin’6.

Since the angle between u and v is always between 0 and r, it always has a

nonnegative sine, so taking square roots gives luxvi=lulll vI sing.

(b) Recall that the area of a triangle is A :% (base)(height). If the angle between u
and v is @, then the length of the perpendicular from the head of v to the line
determined by u is an altitude of the triangle; the corresponding base is u. Thus
the area is

1 . 1 . 1
A=_Tlull-(Ivising)=—lullvising=_luxvl.
2 2 2
1 4]
(c) Let u=AB=|-1| and v=AC =|-3|. Then from part (b), we see that the area is
-1 2
1 4 -5
A=—||-1|x|-3 =l -6 =l\/62.
2 2
-1 2 1
1.4 APPLICATIONS

Solution:
Use the method of example 1.34. The magnitude of the resultant force ris

=l + & =12 +5° =13 N,
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while the angle between r and east (the direction of f)) is
6 =tan” % ~ 67.4°.

Note that the resultant is closer to north than east; the larger force to the north pulls
the object more strongly to the north.

2.
Solution:
Use the method of example 1.34. The magnitude of the resultant force ris
vei= 6 +[&] = 15" +20% =25 N,
while the angle between r and west (the direction of f) is
6 =tan” 20 53.1°.
15
Note that the resultant is closer to south than west; the larger force to the south pulls
the object more strongly to the south.
3.
Solution:
8 8 cos 60° 4
Use the method of Example 1.34. If we let f =| |, then f = . = . So
0 8sin60° | |43
the resultant force is
¢ f 8 4 12
r=f +f = + = .
1 2 O 4\/5 4\/5
The magnitude of ris Il r ll= /12 +(4\/§)2 =192 =8V3 N, and the angle formed by r
and f is
0 = tan™ ﬁ =tan” 1 30°.
12 J3
Note that the resultant also forms a 30" degree angle with f,; since the magnitudes of
the two forces are the same, the resultant points equally between them.
4.
Solution:
4 6 135° —3v/2
Use the method of Example 1.34. If we let f = , then f = C?s = V2 . So
0 6 sin 135 3\/5

the resultant force is
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4] |-32| [4-32
r=f +f = + = .
1 2 0 3\/5 3\/5

I rll= (4 - 342)? + (3v2)* = 52242 ~ 4.24 N,

The magnitude of r is

and the angle formed by r and f, is

32

0 =tan' ——=~93.3°
4-3\2
5.
Solution:
2 -6
Use the method of Example 1.34. If we let f = l:o}, then f, :{ 0}, and
4 cos 60° 2
f = . = . So the resultant force is
4 sin 60° 2«/5
2 -6 2 -2
r=f +f +f = + + = .
e M { 0} Lﬁ} Ld
The magnitude of r is
Irl=4(-27 + (23 =16 =4 N,
and the angle formed by r and f, is
0 =tan™ % =tan™ (—\/g) =120°.
(Note that many CAS’s will return -60° for tan™ (—\/5); by convention we require an
angle between 0 and 180°, so we add 180° to that answer, since tanf = tan(180° + 0)).
6.

Solution:

10 0 -5
Use the method of Example 1.34. If we let f, 2{0}’ then f, = [13}} =[ }, and

0]
f =[ 8}' So the resultant force is

e
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The magnitude of r is

Ilrili= /5% +52 =+/50 =52 N,

and the angle formed by r and f, is

0 =tan 15 _ tan"1= 450,
5
7.
Solution:
Following Example 1.35, we have the following diagram:
______________ f
I
I
I
Iy |
I
I
60° P |
: |
Here f makes a 60° angle with fy, so that
|f,] =1 £ cos 60°, || = £ sineO°.
Thus ||f || =10- £ = 5\/_ 8.66 N and ”f ” =10- %— 5 N. Finally, this gives
£ 53 0
X 0 4 5
8.

Solution:

The force that must be applied parallel to the ramp is the force needed to counteract
the component of the force due to gravity that acts parallel to the ramp. Let f be the

force due to gravity; this acts downwards. We can decompose it into components f ,
acting parallel to the ramp, and f , acting orthogonally to the ramp. Since the ramp

makes an angle of 30" with the horizontal, it makes an angle of 60° with f. Thus

£ =1 £1 coseo :%n Fll=5 N.
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Solution:
The vertical force is the vertical component of the force vector f. Since this acts at an

angle of 45° to the horizontal, the magnitude of the component of this force in the
vertical direction is

2

£ [ =1 £ 1l cosas = 1500- Y2 — 75042 ~ 1060.66 N.
y 2

Solution:
The vertical force is the vertical component of the force vector f, which has magnitude

100 N and acts at an angle of 45° to the horizontal. Since it acts at an angle of 45" to
the horizontal, the magnitude of the component of this force in the vertical direction is

2

£ [ =1 £l cosas =100- Y2 — 5042 ~70.7 N.
y 2

Note that the mass of the lawnmower itself is irrelevant; we are not considering the
gravitational force in this exercise, only the force imparted by the person mowing the
lawn.

Solution:
Use the method of Example 1.36. Let t be the force vector on the cable; then the
tension on the cable is Il tll. The force imparted by the hanging sign is the y

component of t; call it t . Since tand t, form an angle of 60°, we have

¢, =1 ¢ cos6o" = e,
2

The gravitational force on the sign is its mass times the acceleration due to gravity,
which is 50-9.8 =490 N. Thus Il tl= 2ty =2-490 =980 N.

Solution:
Use the method of Example 1.36. Let w be the force vector created by the sign. Then
I'wll=1.-9.8=9.8 N, since the sign weighs 1 kg. By symmetry, each string carries half

the weight of the sign, since the angles each string forms with the vertical are the
same. Let s be the tension in the left-hand string. Since the angle between s and w is

45°, we have

2

D wi=1slcosas = Y21 sl
2 2
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Thus Il sli=—= Il wi=22 —49/2~6.9N.

V2 V2

Solution:
A diagram of the situation is

15kg

The triangle is a right triangle, since 15° +20° = 625 = 25%. Thus if 6, is the angle that

the left-hand wire makes with the ceiling, then sing, = 20 = g; likewise, if 6, is the

angle that the right-hand wire makes with the ceiling, then sing, = % :g. Let f be

the force on the left-hand wire and f, the force on the right-hand wire. Let r be the

force due to gravity acting on the painting. Then following Example 1.36, we have, using
the Law of Sines,

!|f1|| _ ||f2|| _hel 1598 o
sind, sind, sin90°
Then
[€]| =147 sin 6, = 147 -g =176 N, | f]=147sing, = 147% =88.2 N.
Solution:

Let r be the force due to gravity acting on the painting, f be the tension on the wire
opposite the 30° angle, and f, be the tension on the wire opposite the 45" angle
(don’t these people know to hang paintings straight?). Then Il rlI=20-9.8 =196 N. Note

that the remaining angle in the triangle is 105°. Then using the method of Example
1.36, we have, using the Law of Sines,

il A Y
sin30° sin45  sin105°

Thus
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1

lell-singor 1965

I£]|=— ~ ~101.46 N
sin 105° 0.9659
2
el -sings 196~
I =— ~ ~143.48 N.
sin 105° 0.9659
15.
Solution:
With the given data, we get
_ 13
X :(1+5+2+3+7+8)/6:?=4.33
y :(1+2+3+4+5+6)/6:%=3.5
X  =x-%=[-3.330.67,-2.33,-1.33,2.67,3.67
y =y-y=[-25-15-050.511525]
I xIl ~6.27
Iyl ~4.18

so that

A

Fo Xy 21 _oso0.
Iyl 6.27-418

This represents a strong positive correlation. A scatter plot of the point pairs is below.
6 L

4t .
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16.
Solution:
With the given data, we get
— 7
X  =(2+0+140+5-1)/6=—~117
6
_ 2
y =(0+2—2+0+3—1)/6:gz0.33
X  =x-%x=[0.83,-117,-0.17,-1.17,3.83,-2.17 |
y  =y-y=[-0.33167,-2.33,-0.33,2.67,-1.33]
Il xIl =~4.78
Iyl =~4.16
so that
. Ax~yA < 1.67 ~0.59
I xllyl 4.78-4.16
This represents a fairly strong positive correlation. A scatter plot of the point pairs is
below.
3 [
20
L ] 1
2 [ ]
17.
Solution:

With the given data, we get

X :(—1+1+4+1+0—4)/6=%=0.17

y =(3+3+O+1—1+2)/6:%z1.33

X  =x-x=[-117,0.83,3.83,0.83,-0.17,-4.17 |
y  =y-y=[167,167,-133,-0.33,-2.33,0.67 |
I xI ~5.90

Iyl =~3.65

so that

Xy -8.33

r=— — = ~ —0.39
I'xllyll 5.90-3.65
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This represents a weak negative correlation. A scatter plot of the point pairs is below.

[ ] 3 [ ]
[ ] 2
1+ [ ]
R S — " > s
-1¢
18.
Solution:
With the given data, we get
_ 7
X =(1+2+3+4+5+6)/6=—-=35
2
_ 7
y =(6+4+5+2+3+1)/6=5=3.5
X =X-X= [—2.5,—1.5,—0.5,0.5,1.5,2.5]
y =y-y=[25,0515-15,-0.5,-2.5]
Il %Il ~4.18
Iyl ~4.8

so that

Xy —15.5

r=—23 ~-0.89
IxIl gyl 418418

This represents a strong negative correlation. A scatter plot of the point pairs is below.

sk ®

sk ®

ab °

3 ®

2t °

1k °
1 2 3 4 5 51
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19.

Solution:
With the given data, we get

X =(—2—1+0+1+3+2+5+4)/8=g=1.5

y :(3+4+0+3+O—1—2+2)/8:%:1.25

X = x-%X=[-35,-2.5,-15,-0.5,15,0.5,3.5,2.5 |

y =y -y =[175,2.75,-1.25,1.75,-1.25,-2.25,0.75 |
I %Il ~6.49

Iyl ~5.73

so that

A

L__ %y 245
Il gl 6.49-573

-0.66

This represents a fairly strong negative correlation. A scatter plot of the point pairs is

below.
. 4t
[ ] 3r [ ]
2F e
1k
TR : > 4 y 5
b ™
22k [ ]
20.
Solution:
With the given data, we get
_ 9
x :(1+2+3+4+5+6+7+8)/8:5:4.5
_ 5
y =(o+2+o+3+1+o+2+2)/8=Z=1.25
X = x-X=[-35,-2.5,-15,-0.5,0.5,1.5,2.5,3.5 |
y =y -y =[-1.25,0.75,-1.25,1.75,-0.25,-1.25,0.75,0.75 |
I xI ~6.48
Iyl ~3.08

so that
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A

X-y 6

r=—: — R~ ~ 0.30
Ixillyl 6.48-3.08

This represents a weak positive correlation. A scatter plot of the point pairs is below.

3 [ ]

= 2
w
o

Solution:
Writing S for the SAT data and G for the GPA data, we get

s = (1520 + 1420 + 1360 + 1460 + 860 + 820 + 1100 + 1150 + 1440 + 1340) / 10 = 1247
G = (3.8 +24+26+31+1.9+17+25+2.4+3.5+ 3.1) /10 =2.7
S = S -8 = 262,162,102,202, -398,-438,-158,-108,292,82 |
G =G-G=[11-0.3,-0.1,0.4,-0.8,-1,,-0.2,-0.3,0.8,0.4 |
ISl ~756.05
IGIl ~2.01
so that

~

o AS-GA N 1309 ~0.86
IsilGgll 756.05-2.01

This represents a very strong positive correlation.

Solution:
Writing T for the temperature data and I for the ice cream sales data, we get

T =(57.6+61.5+53.4+59.4+ 65.3+71.8+66.9+ 77.2+ 74.1+ 64.6 + 72.7 + 63) / 12 = 65.625

1 = (215+ 325+ 185 + 332+ 406 + 522 + 412 + 614 + 544 + 421+ 445 + 408) / 12 ~ 402.42

T =T-T=[-8.025,-4.125,-12.225,-6.225,-0.325,6.175,1.275,11.575,8.475,-1.025,7.075,-2.625]
i =1-1=[-187.42,-77.42,-217.42,-70.42, 3.58,119.58,9.58,211.58, 141.58, 18.58, 42.58,5.58]

ITI ~23.94

il =~418.04

so that
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A

T 9586

r=—m——-= ~ 0.96
ITThnrn 23.94-418.04

This represents an extremely strong positive correlation.

Solution:
From Exercise 15, x llx 6.27 . There are six data points, so the standard deviation is

s~6.27/+/6 ~ 2.56.

Solution:

From Exercise 16,ll x = 4.78. There are six data points, so the standard deviation is

S~ 4.78/\/5 ~ 1.95.

Solution:

From Exercise 17,l x = 5.90. There are six data points, so the standard deviation is

s~5.90/6 ~ 2.41,

Solution:

From Exercise 19, |l x = 6.49. There are eight data points, so the standard deviation is

s ~6.49/+8 ~ 2.29.

Solution:
From Exercise 19, Il y l= 5.73. There are eight data points, so the standard deviation is

s~5.73/+/8 ~ 2.03.

Solution:
From Exercise 20, Il y I~ 3.08 . There are eight data points, so the standard deviation is

s ~3.08/+/8 ~ 1.09.

Solution:
From Exercise 21l S ll~ 756.05. There are ten data points, so the standard deviation is

s~ 756.05/4/10 = 239.08.
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30.
Solution:
From Exercise 21, Il G ll~ 2.01. There are ten data points, so the standard deviation is
s ~2.01/10 ~ 0.64.
31.
Solution:
From Exercise 22,I Tll~ 23.94 . There are twelve data points, so the standard deviation
is s~ 23.94/\12 ~6.91.
32.

Solution:
From Exercise 22, 1ll~ 418.04 . There are twelve data points, so the standard deviation

is s~ 418.04 /12 ~120.68.

CHAPTER REVIEW

Solutions:

(a) True. This follows from the properties of R”listed in Theorem 1.1 in Section 1.1:

u =u+0 Zero Property, Property (c)
=u+(w+(—w)) Additive Inverse Property, Property (d)
=(u+w)+(—w) Distributive Property, Property (b)
=v+(w+(-w) By the given conditionu+w =v+w
= (v +w)+(—w)) Distributive Property, Property (b)
=v+0 Additive Inverse Property, Property (d)
=V Zero Property, Property (c).

(b) False. See Exercise 60 in Section 1.2. For one counterexample, let w=0 and u and
v be arbitrary vectors. Then u-w =v-w =0 since the dot product of any vector
with the zero vector is zero. But certainly u and v need not be equal. As a second
counterexample, suppose that both u and v are orthogonal to w; clearly they need
not be equal, but u-w=v-w=0.

(c) False. For example, let u be any nonzero vector, and v any vector orthogonal to u.
Let w=u. Then u is orthogonal to v and v is orthogonal to w =u, but certainly u
and w =u are not orthogonal.

(d) False. When a line is parallel to a plane, then d-n=0; that is, d is orthogonal to
the normal vector of the plane.
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(e) True. Since a normal vector n for 2 and the line 7 are both perpendicular to 2,
they must be parallel. See Figure 1.62.

(f) True. See the remarks following Example 1.31 in Section 1.3.

(g) False. They can be skew lines, which are nonintersecting lines with nonparallel
1
direction vectors. For example, let 7, be the line x =t|0| (the x-axis), and /, be

0
0 0
the line x=|0|+t|1]| (the line through (0,0,1) that is parallel to the y-axis). These
1 0

two lines do not intersect, yet they are not parallel.

1 1
(h) False. For example, |0 |-|0(=1+0+1=0 in Z,.
1 1

(i) True.If ab=0 in Z_, then ab must be a multiple of 5. But 5 is prime, so either a

or b must be divisible by 5, so that either =0 or b=0 in Z,.

() False. For example, 2:3=6=0 in Z_, but neither 2 nor 3 is zero in Z,.

2.
Solution:
10 ) .
Let w :[ 0] Then the head of the resulting vector is
—1 3 10 9
4qu+v+w=4 + + = .
So the coordinates of the point at the head of 4u+v are (9,12).
3.
Solution:
Since 2x+u = 3(x —v) = 3x - 3v, simplifying gives u+3v =x. Thus
-1 3 8
X=u+3v= +3 = .
5 2 "
4.

Solution:

Since ABCD is a square, oc = —54, so that
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BC=0C-0B=-0OA-0OB=-a-h.

5.
Solution:
We have
-1 2
u-v=| 1| 1=-12+1-1+2-(-1)=-3
21 |1
Tul=(=1)2 + 2 +22 =6
Ihwii=22+7 +(-1)° =
Then if 6 is the angle between u and v, it satisfies
cosf = wv 3 _ 1
Falll vl JEJE 2"
Thus
4 1
6 =cos | ——|=120°.
2
6.
Solution:
We have
_ l_
’ 9
. u-v 1-1-2-1+ 21 1 2
proj,v = u= 2l=—|2|=|=2].
u-u 1-1—2-(—2)+2~2 9 9
2 2 2
| 9]
7.
Solution:

We are looking for a vector in the xy -plane; any such vector has a z -coordinate of 0.
a

So the vector we are looking for is u=|b| for some a, b. Then we want
0

1 al 1
u-|2|=|b|-|2|=a+2b=0,
3 0| |3

so that a =-2b. So for example choose b =1; then a=-2, and the vector

© 2026 Cengage Learning, Inc. All Rights Reserved. May not be scanned, copied or duplicated, or posted to a publicly
accessible website, in whole or in part.



https://textbooktestbanks.com/products/solutions-manual-for-linear-algebra-a-modern-introduction-5th-poole

~¢Cengage

Solution and Answer Guide: Poole, Linear Algebra: A Modern Introduction, 5e, 2026, 9798214013053;
Chapter 1: Vectors

-2
u=| 1
0
1
is orthogonal to | 2|. Finally, to get a unit vector, we must normalize u. We have
3

lull= (-2 + 7 +0% =5

to get

1
w=——u
lal

o&d_‘%dw

that is orthogonal to the given vector. We could have chosen any value for b, but we
would have gotten either w or —w for the normalized vector.

Solution:
The vector form of the given line is

2 -1
x=| 3|+t| 2],
-1 1

so the line has a direction vector d =| 2. Since the plane is perpendicular to this line,
1

d is a normal vector n to the plane. Then the plane passes through P = (1,1, 1), SO

equation n-x =n-p becomes

| [x] [=] [
20 y|=| 2|-[1]=2
1 | z 10 {1

Expanding gives the general equation —x+2y +z=2.
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Parallel planes have parallel normals, so the vector n=| 3|, which is a normal to the

-1

given plane, is also a normal to the desired plane. The plane we want must pass

through P = (3,2,5), so equation n-x =n-p becomes

Expanding gives the general equation 2x+3y -z =7.

Solution:
The three points give us two vectors that lie in the plane:

]
d=-AB=|0|-|1]|=|-],
0

0] 1 -1
d, =BC=|1|-|0|=| 1
2 1 1
a
A normal vector n=| b | must be orthogonal to both of these vectors, so
c
1T o]
nd =bl-|-1|=-b+c=0= b=c
c 1
F7 A
nd =|bl-| 1|l=-a+b+c=0= a=b+c.
c 1
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2c
Since b=c and a=b+c, we get a=2c,so n=| c | for any value of c. Choosing c =1
c

2

gives the vector n=|1|. Let P be the point A= (1,1,0) (we could equally well choose B
1

or C), and compute n-x=n-p:

o = =
I
w

Expanding gives the general equation 2x+ y +z=3.

11.
Solution:
Let
1-1 0
u=AB=|0-1|=|-1
1-0 1
0-1| |-
v=AC=|1-1|=|0
2-0 2
Using the first method from Figure 1.39 (Exercises 46 and 47) in Section 1.2, we have
_ u-v 0-(-1)-1-0+1-2 O 519 |9
proj, v = u= . T 1|= 3 A==
u-u 0% + (-1 + ] ’ 1
1] [ o] [
v-projv=| 0|-|-1|=| 1|.
2 1 1
Then the area of the triangle is
%u ull Il v—proj,v = %Jo? TR R P AP = %JE\/_ _ %JE.
12.
Solution:
From the first example in Exploration: Vectors and Geometry, we have a formula for
the midpoint:
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] 5 3 ] 8 4
m=—(a+b):— 1M+|-7||==|-6|=|-3
2 2
-2 0 -2 -1
Solution:

Suppose that lull=2 and Il vi=3. Then from the Cauchy-Schwarz inequality, we
have

|u~v|sIIuIIIIvII:2-3:6.

Thus -6 <u-v <6, so the dot product cannot equal -7.

Solution:
We will apply the formula

~ |czrx0 +by, +cz, —d|
NJa® +b* +¢?

where A= (xo,yo,zo) is a point, and a general equation for the plane is

d(A,2)

ax + by +cz =d. Here, we have a=2,b=3,c=-1, and d =0; since the point is (3,2,5),

we have x, =3,y, =2,and z, =5. So the distance from the point to the plane is
2:3+3.2-1-5-0

d(A,2) = = ‘/ﬁ.

.
2% 4 3% +(—1)? Jia o 2

Solution:

As in example 1.32 in Section 1.3, we have B = (3,2,5) , and the line ¢ has vector form

0 1
x=|1[+t|1],
2 1

’
so that A= (0,1,2) lies on the line, and a direction vector for the lineis d=|1|. Then
1

3] [o] [3
v=AB=|2|-|1]=|1],
5/ |2] |3

and then
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1
. d-v 1-3+1-1+1-3
proj,v = d= 2 2 2 T|=

d-d T +1 +1 ]

wWiNwl~N W~

Then the vector from B that is perpendicular to the line is the vector

|

! 2

3 3 3
v-proj,v=|1|- LA I .
¢ 3 3
rl ] o2

3 3

So the distance from B to 7 is

2 2 2
[ v—projdvllz\/(g] +(_i] +[2J :%\/4+16+4:§\/g.

3 3
Solution:
We have
3-(2+4)°(4+3)°=3-17-2°=3-1-4=-1=4
in Z,. Note that 2+4=6=1in Z,,4+3=7=2in Z,,and -1=4in Z,.
Solution:
3(x+2)=5 implies that 5-3(x+2)=5-5=25=4.But 5-3=15=11in Z,, so this is the
same as x+2 =4, so that x=2. To check the answer, we have
3(2+2)=3-4=12=5inZ,.
Solution:
This has no solutions. For any value of x, the left-hand side is a multiple of 3, so it
cannot leave a remainder of 5 when divided by 9 (which is also a multiple of 3).

Solution:

Compute the dot product in Z;:

[2,1,3,3]{3,4,4,2]=2~3+1-4+3~4+3-2:6+4+12+6=1+4+2+1=8=3.
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20.

Solution:
Suppose that

[1110]-[d,,d,.d,,d,|=d, +d, +d, =0in Z,.

Then an even number (either zero or two) of d,,d,, and d, must be 1 and the others

must be zero. d, is arbitrary (either 0 or 1). So the eight possible vectors are

[0,0,0,0],[0,0,0,1],[110,0],[110,1],[10,30][ 10,11][ 0,110 ][ 0,31,1].
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